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gence of the calculation with respect to an usual

12



Hylleraas basis set. A study of the interparticle
densities is also carried out.

[133] F. A. de Saavedra, E. Buendia, F. J. Galvez, and A. Sarsa.
Variational calculation of some S-states of Coulomb three-
body systems. Eur. Phys. J. D, 13(2):201–206, 2001.

Abstract: A generalized Hylleraas-type basis set
with three nonlinear parameters is proposed to
study three-body systems interacting via coulomb
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eter are made in the case of excitons and impu-
rities in infinite-barrier quantum wells, with exci-
ton and impurity binding energies found in excel-
lent agreement with previous variational results.
Calculations are also performed for exciton bind-
ing energies in finite-barrier quantum wells with
good agreement with recent experimental results.
(C) 1997 American Institute of Physics.

13



[135] J. Deenen and C. Quesne. DYNAMICAL GROUP OF MI-
CROSCOPIC COLLECTIVE STATES .2. BOSON REP-
RESENTATIONS IN D-DIMENSIONS. J. Math. Phys.,
23(11):2004–2015, 1982.

[136] J. S. Dehesa, F. J. Galvez, and I. Porras. BOUNDS
TO DENSITY-DEPENDENT QUANTITIES OF D-
DIMENSIONAL MANY-PARTICLE SYSTEMS IN PO-
SITION AND MOMENTUM SPACES - APPLICATIONS
TO ATOMIC SYSTEMS. Phys. Rev. A, 40(1):35–40, 1989.

[137] J. S. Dehesa, R. Gonzalez-Ferez, P. Sanchez-Moreno, and
R. J. Yanez. Kinetic energy bounds for particles confined in
spherically-symmetric traps with non-standard dimensions.
New J. Phys., 9:18, 2007.

Abstract: The kinetic energy of non-relativistic
single-particle systems with arbitrary D-
dimensional central potentials is found to be
bounded from below by means of the orbital
hyperangular quantum number, the dimensional-
ity and some radial and logarithmic expectation
values of the form [r(k)] and [r(k)(ln r)(m)]. Be-
yond the intrinsic physico-mathematical interest
of this problem, we want to contribute to the
current development of the theory of indepen-
dent particles confined in spherically symmetric
traps with non-standard dimensions. The latter
has been motivated by the recent experimental
achievements of the evaporative cooling of dilute
(i.e. almost non-interacting) fermions in magnetic
traps.

[138] J. S. Dehesa, S. Lopez-Rosa, B. Olmos, and R. J. Yanez.
Fisher information of D-dimensional hydrogenic systems in
position and momentum spaces. J. Math. Phys., 47(5):13,
2006.

Abstract: The spreading of the quantum-
mechanical probability distribution density of D-
dimensional hydrogenic orbitals is quantitatively
determined by means of the local information-
theoretic quantity of Fisher in both position and
momentum spaces. The Fisher information is found
in closed form in terms of the quantum numbers of
the orbital. (c) 2006 American Institute of Physics.

14



[139] M. F. Delaripelle. GREEN-FUNCTION AND
SCATTERING-AMPLITUDES IN MANY-DIMENSIONAL
SPACE. Few-Body Syst., 14(1):1–24, 1993.

Abstract: Methods for solving scattering are
studied in many-dimensional space. Green function
and scattering amplitudes are given in terms of the
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Klein-Gordon equation with attractive screened
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D and D - 1 on the dimension D is demonstrated
as three different kinds of rules. The dependence of
the energy E(n, l, D) on the dimension D is also
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l, D) (l not equal 0) are almost independent of the
quantum number I for large D and are completely
independent of it if the Coulomb potential is equal
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Abstract: We use solvable two-dimensional gauge
theories to illustrate the issues in relating large N
gauge theory to string theory. We also give an in-
troduction to recent mathematical work which al-
lows constructing master fields for higher dimen-
sional large N theories. We illustrate this with a
new derivation of the Hopf equation governing the
evolution of the spectral density in matrix quan-
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nates is used to obtain improved variational bounds
for the nonrelativistic energy and other properties
of He, H-, and Ps(-). The accuracy, numerical sta-
bility, and computational efficiency are compared
with recent work based on quasirandom basis sets.
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investigation of bifurcations; relying on the use of
power series in the bifurcation parameter for a par-
ticular solution branch, is presented. The first part
of the paper is devoted to the description of a se-
ries summation technique based on the assumption
that the given series is the local representation of a
function algebraic in the independent variable. The
procedure leads to a special type of Hermite-Pade
approximant. Although no mathematical analysis
is presented, the numerical evidence suggests that
the error decays faster than exponentially with the
number of terms of the series used. The proce-
dure’s chief merit is its ability to reveal solution
branches of the underlying problem in addition to
the one represented by the original series. In the fi-
nal part of the paper, an algorithm is described for
numerically generating the required power series
where standard perturbation methods are inade-
quate. Thus, it is shown how path-following tech-
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for series summation to provide a powerful tool
well suited to the numerical analysis of bifurca-
tions in nonlinear problems. Numerical results are
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the odd parity and the even parity, are precisely
calculated directly from the Schrodinger equa-
tion. The rotational degrees of freedom are sepa-
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helium nucleus, respectively. It is found that the
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Abstract: Considering the nuclear motion, we
present the nonrelativistic ground energy of a he-
lium atom by using a simple effective variational
wavefunction with a flexible parameter k. Based on
the result, the relativistic and radiative corrections
to the nonrelativistic Hamiltonian are discussed.
The high precision value of the helium ground en-
ergy is evaluated to be -2.90338 a.u. with the rela-
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TION OF THE COEFFICIENTS OF THE 1/D EXPAN-
SION OF THE SCHRODINGER-EQUATION. J. Chem.
Phys., 101(7):5987–6004, 1994.

Abstract: The 1/D expansion, where D is the
dimensionality of space, offers a promising new ap-
proach for obtaining highly accurate solutions to
the Schrodinger equation for atoms and molecules.
The method typically employs an asymptotic ex-
pansion calculated to rather large order. Compu-
tation of the expansion coefficients has been feasi-
ble for very small systems, but extending the ex-
isting computational techniques to systems with
more than three degrees of freedom has proved dif-
ficult. We present a new algorithm that greatly fa-
cilitates this computation. It yields exact values
for expansion coefficients, with less roundoff error
than the best alternative method. Our algorithm
is formulated completely in terms of tenser arith-
metic, which makes it easier to extend to systems
with more than three degrees of freedom and to
excited stares, simplifies the development of com-
puter codes, simplifies memory management, and
makes it well suited for implementation on paral-
lel computer architectures. We formulate the al-
gorithm for the calculation of energy eigenvalues,
wave functions, and expectation values for an ar-
bitrary many-body system and give estimates of
storage and computational costs.

[169] M. Dunn and D. K. Watson. WRONG PARITY
STATES AND THE MOLECULAR-ORBITAL DESCRIP-
TION OF DOUBLY-EXCITED 2-ELECTRON ATOMS IN
D-DIMENSIONS. J. Phys. Chem., 97(10):2457–2460, 1993.

Abstract: Rost et al. have examined some of the
implications of dimensional scaling for the molec-
ular orbital (MO) description of the ”right par-
ity” (pi = (-1)L ) doubly-excited states of two-
electron atoms. They propose a new and simple
classification scheme utilizing interdimensional de-
generacies, saddle degeneracies, and A-doubling.
The present paper extends this description, in D
dimensions, to the ”wrong parity” (pi = (-1)L+1)
states and provides a justification for the extension
of the new classification scheme to include the pi
= (-1)L+1 states. This is achieved by showing that
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the MO approximation preserves the exact interdi-
mensional degeneracies between pi = (-1)L and pi
= (-1)L+1 states and that there exists approximate
interdimensional degeneracies between the pi = (-
1)L+1 MO states. It is also pointed out that the
phenomenon of LAMBDA-doubling is special to
three dimensions, although the lifting of this degen-
eracy is expected to be small for low dimensions.
Despite the fact that the energy level spectrum
no longer features LAMBDA-doubling for larger
values of D, the internal MO electron center of
mass wavefunctions for those states which exhibit
LAMBDA-degeneracy at D = 3 are still identical in
any dimension. The lifting of this degeneracy does
not affect the classification scheme of Rost et al.
since it utilizes LAMBDA-doubling at D = 3.

[170] M. Dunn and D. K. Watson. Continuation of the Schrodinger
equation for higher angular-momentum states to D dimen-
sions and interdimensional degeneracies. Few-Body Syst.,
21(3-4):187–209, 1996.

Abstract: The application of the techniques of di-
mensional scaling, and in particular the 1/D expan-
sion, to higher angular-momentum states of multi-
electron atoms requires the generalized Euler an-
gles, which multiply with increasing D to be ”fac-
tored out” of the wave function. The factorization
must be performed in a way that produces from
the Schrodinger equation a tractable set of differ-
ential equations which admit continuation in the
dimension D. In two recent works the authors have
achieved the necessary factorization of the wave
function by generalizing the Schwartz expansion
to N electrons in D dimensions. The present pa-
per applies the N-electron D-dimensional Schwartz
expansion to the two-electron problem in D dimen-
sions. The resulting set of coupled differential equa-
tions in the internal variables admit continuation in
D, enabling the methods of dimensional scaling to
be applied to higher-angular-momentum states. In
addition, the coupled differential equations clearly
show the complete spectrum of exact interdimen-
sional degeneracies of the two-electron system.
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function for higher angular momentum states to D dimen-
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sions .1. The generalized Schwartz expansion. Ann. Phys.,
251(2):266–318, 1996.

Abstract: Extending the techniques of dimen-
sional scaling to higher angular momentum states
of multi-electron atoms requires the derivation,
from the Schrodinger equation, of a tractable set
of differential equations which admit continuation
in the spatial dimension D. This derivation cen-
ters on ”factoring out,” in D dimensions, the ro-
tational degrees of freedom from the internal de-
grees of freedom in the wave function. A solution
to this problem, by generalizing thr Schwartz ex-
pansion (Schwartz, Phys. Rev. 123, 1700 (1961))
to N electrons in D dimensions, is presented. The
generalization to systems with particles of arbi-
trary masses is straightforward. (C) 1996 Academic
Press, Inc.

[172] M. Dunn and D. K. Watson. Continuation of the wave func-
tion for higher angular momentum states to D dimensions .2.
Elimination of linear dependencies. Ann. Phys., 251(2):319–
336, 1996.

Abstract: In a previous paper the authors have
developed a finite expansion for the wave function
which allows the methods of dimensional scaling
to be applied to higher angular momentum states.
The terms in the expansion, though, are not nec-
essarily linearly independent and so the expansion
requires a little refining. The sources of linear de-
pendence in the expansion for the wave function
are explored and protocols for dealing with them
are presented. (C) 1996 Academic Press, Inc.

[173] M. Dunn and D. K. Watson. Large-dimension limit of higher-
angular-momentum states of two-electron atoms. Phys. Rev.
A, 59(2):1109–1124, 1999.

Abstract: To apply the methods of dimensional
scaling to higher-angular-momentum states, a for-
malism needs to be developed which factors the
D-dimensional rotational degrees of freedom from
the internal degrees of freedom. The rotational de-
grees of freedom multiply with increasing dimen-
sionality, while the internal degrees of freedom re-
main finite in number. A suitable expansion which
achieves this has been presented by the authors

24



recently and is an N-electron D-dimensional gener-
alization of the Schwartz expansion. A derivation
of the coupled differential equations in the internal
variables that result from the application of the
Hamiltonian to this wave-function expansion for
the atomic two-electron system has been presented
by the authors in another recent paper. The cou-
pled differential equations admit continuation in D
and clearly show the complete spectrum of exact
interdimensional degeneracies of the two-electron
system. However, to apply the methods of dimen-
sional scaling to the two-electron system, the sys-
tem of coupled differential equations have to be
solved for large D. This paper concerns itself with
this issue. [S1050-2947(97)07608-7].
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theoretic wave functions for confined, correlated N-body
systems with general two-body interactions. Ann. Phys.,
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Abstract: In this paper, we develop an ana-
lytic N-body wave function for identical particles
under quantum confinement with a general two-
body interaction. A systematic approach to cor-
relation is developed by combining three theoreti-
cal methods: dimensional perturbation theory, the
FG method of Wilson et. al., and the group the-
ory of the symmetric group. Analytic results are
achieved for a completely general interaction po-
tential. Unlike conventional perturbation methods
which are applicable only for weakly interacting
systems, this analytic approach is applicable to
both weakly and strongly interacting systems. This
method directly accounts for each two-body inter-
action, rather than an average interaction so even
lowest-order results include beyond-mean-field ef-
fects. One major advantage is that N appears as
a parameter in the analytical expressions for the
energy so results for different N are easy to obtain.
(c) 2006 Elsevier Inc. All rights reserved.
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On the behavior of Pade approximants in the vicinity of
avoided crossings. J. Chem. Phys., 104(24):9870–9875, 1996.

Abstract: When linear Pade summation is ap-
plied to eigenvalue perturbation expansions near
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regions of parameter space where those eigenval-
ues undergo an avoided crossing, the Padi approx-
imants may yield levels which cross diabatically,
rather than displaying the proper avoided behav-
ior. The purpose of this study is to elucidate the
reasons for the peculiar behavior of Pade approxi-
mants in such situations. In particular: we demon-
strate that the diabatic crossing is a natural conse-
quence of using the (single-valued) Pade rational
approximant to successfully resum series expan-
sions of the multivalued energy function over much
of the parameter space. This is illustrated with a
perturbative treatment of the Barbanis Hamilto-
nian. (C) 1996 American Institute of Physics.
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Abstract: The supersymmetry-inspired WKB ap-
proximation (SWKB) in quantum mechanics is dis-
cussed in detail. The SWKB method can be easily
applied to any potential whose ground-state wave
function is known. It yields eigenvalues that are
exact for large quantum numbers n (as any WKB
approximation should in the classical limit). Fur-
thermore, for the important special case of ”shape-
invariant” potentials, the SWKB approach gives
the exact analytic expressions for the entire bound-
state spectra. A study of some nonshape-invariant,
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but solvable, potentials suggests that shape invari-
ance is not only sufficient but perhaps even neces-
sary for the SWKB approximation to be exact. A
comparison of the WKB and SWKB predictions for
the bound-state spectra of a number of potentials
reveals that in many cases the SWKB approach
does better than the usual WKB approximation.
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[185] S. Edvardsson, D. Aberg, and P. Uddholm. A program for ac-
curate solutions of two-electron atoms. Comput. Phys. Com-
mun., 165(3):260–270, 2005.

Abstract: We present a comprehensible computer
program capable of treating non-relativistic ground
and excited states for a two-electron atom hav-
ing infinite nuclear mass. An iterative approach
based on the implicitly restarted Arnoldi method
(IRAM) is employed. The Hamiltonian matrix is
never explicitly computed. Instead the action of
the Hamiltonian operator on discrete pair func-
tions is implemented. The finite difference method
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is applied and subsequent extrapolations gives the
continuous grid result. The program is written in
C and is highly optimized. All computations are
made in double precision. Despite this relatively
low degree of floating point precision (48 digits are
not uncommon), the accuracy in the results can
reach about 10 significant figures. Both serial and
parallel versions are provided. The parallel pro-
gram is particularly suitable for shared memory
machines such as the Sun Starcat series. The se-
rial version is simple to compile and should run on
any platform.
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Abstract: The O(N) nonlinear sigma model in a
D-dimensional space of the form R(D-M) X T-M,
R(D-M) X S-M, or T-M X S-P is studied, where
R(M), T-M, and S-M correspond to flat space,
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states and the low-lying spectra of three- and
four-body systems are studied in the framework
of the 1/D method, where D is the dimensional-
ity of space. Special emphasis is laid on model-
independent properties and relations between mag-
nitudes. It is shown that the low terms of the 1/D
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mants are applied to Moller-Plesset (MP) pertur-
bation expansions of energies for a representative
sample of atoms and small molecules. These ap-
proximants can converge to the full configuration-
interaction result even when partial summation di-
verges. At order MP2 (the first order beyond the
Hartree-Fock approximation), the best results are
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(class A) or the negative half plane (class B). A new
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of Physics. [S0021-9606(00)30208-2].

42



[233] D. Z. Goodson. Improving the accuracy of ab initio methods
with summation approximants and singularity analysis. Int.
J. Quantum Chem., 92(1):35–46, 2003.

Abstract: The accuracy of Moller-Plesset (MP)
perturbation theory and coupled-cluster (CC) the-
ory can be significantly improved, at essentially no
increase in computational cost, by using summa-
tion approximants that model the way in which
these theories converge to the full configura-
tion interaction limit. Approximants for MP4 and
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ory. The Schrodinger equation is reduced to the
generalized radial equations satisfied by the gen-
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Abstract: We study the properties of an isolated,
self-interacting wormlike polymer chain on the ba-
sis of a nonperturbative 1/d-expansion, where d
denotes the dimension of embedding space. In the
absence of an external force, we characterize the
dimension R of the chain in embedding space via
R similar toL(nu), where L is the internal size.
(A) Long-range, repulsive segmental interactions
decaying as 1/r(alpha) may control chain confor-
mations that are either rodlike, nu =1(1 ¡ alpha ¡2),
”wrinkled,” 1/2 ¡ nu ¡1(2 ¡ alpha ¡4), or random-
walk-like, nu =1/2(alpha ¿4). (B) For short-range,
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molecules is based on a 2n x n factorization of the
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circular orbits with principal quantum number n,
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pseudoclassical large-D limit usually can be eval-
uated exactly regardless of the magnitude, na-
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degeneracy of the angular momentum I of the
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rived from the algebraic manipulation of homoge-
neous polynomials. General rectangular coordinate
expressions for the wavefunctions of the p- and
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asymmetrical Pascal’s triangle are collected and
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Abstract: By taking a birds-eye view from the n-
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bridized atomic orbitals belong to the sp(n) hy-
bridization and their geometrical shapes corre-
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to belong to the sp(n)d(n-1) hybridization, whose
geometrical shapes correspond to n-cross polytopes
(obtained from 2n vertices equidistantly located on
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orbitals in n-space are obtained. The periodic ta-
ble and related problems of atoms and molecules
in n-space are discussed.

[286] S. W. Huang, D. Z. Goodson, M. Lopez-Cabrera, and T. C.
Germann. Large-order dimensional perturbation theory for
diatomic molecules within the Born-Oppenheimer approxi-
mation. Phys. Rev. A, 58(1):250–257, 1998.

Abstract: A renormalization of the D-
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This avoids convergence problems caused by a
symmetry-breaking transition that is otherwise
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[287] S. M. Ikhdair. Exact solutions of the D-dimensional
Schrodinger equation for a pseudo-Coulomb potential plus
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Abstract: We present the exact energy bound
state solutions of the Schrodinger equation in
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pseudo-Coulomb potential plus ring-shaped po-
tential of the form V (r) = -a/r+b/r(2)+beta
cos(2)theta/r2sin(2)theta+c. The solution was ob-
tained analytically by means of the Nikiforov-
Uvarov method. We give a clear recipe of how to
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obtain an explicit solution to the D-dimensional
radial and angular parts of the wave functions in
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potential because of the contribution of the angular
part. The general results obtained in this work can
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Schrodinger equation with the Hulthen potential
for any arbitrary l-state by means of a mathe-
matical Nikiforov-Uvarov (NU) method. We ob-
tain the bound-state energy eigenvalues and the
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tential field. Our numerical results of the energy
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Abstract: The energy eigenvalues of bound states
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screened Coulomb potential are obtained using the
shifted 1/N expansion method. The energies for the
states from 1s to 8k are calculated from six to eight
significant figures. The energy eigenvalues for the
1s, 2s - 2p, 3s - 3d, and 4s - 4f states are also
presented as a function of the screening parame-
ter lambda. Results are compared with the ones
obtained by other workers. The agreement reduces

59
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Abstract: In the framework of potential models
for heavy quarkonium, we compute the mass spec-
trum of the bottom-charmed B-c meson system
and spin-dependent splittings from the Schrodinger
equation using the shifted-large-N expansion tech-
nique. The masses ;of the lightest vector B-c(*)
and pseudoscalar B-c states as well as the higher
states below the threshold are estimated. Our pre-
dicted result for the ground state energy is 6253(-
6)(+15) MeV and are generally in exact agree-
ment with earlier calculations. Calculations of the
Schrodinger energy eigenvalues are carried out up
to the third order of the energy series. The pa-
rameters of each potential are adjusted to ob-
tain best agreement with the experimental spin-
averaged data (SAD). Our findings are compared
with the observed data and with the numerical re-
sults obtained by other numerical methods.
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Abstract: We give a review and present a compre-
hensive calculation for the leptonic constant fB(c)
of the low-lying pseudoscalar and vector states of
B-c-meson in the framework of static and QCD-
motivated nonrelativistic potential models taking
into account the one-loop and two-loop QCD cor-
rections in the short distance coefficient that gov-
erns the leptonic constant of B-c quarkonium sys-
tem. Further, we use the scaling relation to predict
the leptonic constant of the nS-states of the bc sys-
tem. Our results are compared with other models
to gauge the reliability of the predictions and point
out differences.
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Abstract: A new approximation formalism is ap-
plied to study the bound states of the Hellmann
potential, which represents the superposition of the
attractive Coulomb potential -a/r and the Yukawa
potential bexp(-delta r)/r of arbitrary strength h
and screening parameter delta. Although the ana-
lytic expressions for the energy eigenvalues E-n,E-l
yield quite accurate results for a wide range of n,
f in the limit of very weak screening, the results
become gradually worse as the strength b and the
screening coefficient 6 increase. This is because that
the expansion parameter is not sufficiently small
enough to guarantee the convergence of the expan-
sion series for the energy levels. (C) 2007 Elsevier
B.V. All rights reserved.
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exponential-cosine-screened Coulomb potential. J. Math.
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Abstract: An alternative approximation scheme
has been used in solving the Schrodinger equation
for the exponential-cosine-screened Coulomb po-
tential. The bound state energies for various eigen-
states and the corresponding wave functions are
obtained analytically up to the second perturba-
tion term.
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exponential screened Coulomb potential. J. Math. Chem.,
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Abstract: An alternative approximation scheme
has been used in solving the Schrodinger equation
to the more general case of exponential screened
Coulomb potential, V(r) = -(a/r)[1 + (1 + br)e(-
2br)]. The bound state energies of the 1s, 2s and 3s-
states, together with the ground state wave func-
tion are obtained analytically upto the second per-
turbation term.
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Schrodinger equation for some physical potentials. Cent. Eur.
J. Phys., 5(4):516–527, 2007.

Abstract: By using an ansatz for the eigenfunc-
tion, we have obtained the exact analytical solu-
tions of the radial Schrodinger equation for the
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pseudoharmonic and the Kratzer potentials in two
dimensions. The bound-state solutions are easily
calculated from this eigenfunction ansatz. The cor-
responding normalized wavefunctions are also ob-
tained. (C) Versita Warsaw and Springer-Verlag
Berlin Heidelberg. All rights reserved.

[296] S. M. Ikhdair and R. Sever. Polynomial solutions of the Mie-
type potential in the D-dimensional Schrodinger equation.
Theochem-J. Mol. Struct., 855(1-3):13–17, 2008.

Abstract: The polynomial solution of the D-
dimensional Schrodinger equation for a special case
of Mie potential is obtained with an arbitrary l not
equal 0 states. The exact bound state energies and
their corresponding wave functions are calculated.
The bound state (real) and positive (imaginary)
cases are also investigated. In addition, we have
simply obtained the results from the solution of
the Coulomb potential by an appropriate transfor-
mation. (C) 2008 Elsevier B.V. All rights reserved.

[297] S. M. Ikhdair and R. Sever. Approximate l-state solutions of
the D-dimensional Schrodinger equation for Manning-Rosen
potential. Ann. Phys.-Berlin, 17(11):897–910, 2008.

Abstract: The Schrodinger equation in D-
dimensions for the Manning-Rosen potential with
the centrifugal term is solved approximately to
obtain bound states eigensolutions (eigenvalues
and eigenfunctions). The Nikiforov-Uvarov (NU)
method is used in the calculations. We present nu-
merical calculations of energy eigenvalues to two-
and four-dimensional systems for arbitrary quan-
tum numbers n and 1, with three different val-
ues of the potential parameter alpha. It is shown
that because of the interdimensional degeneracy of
eigenvalues, we can also reproduce eigenvalues of
a upper/lower dimensional system from the well-
known eigenvalues of a lower/upper dimensional
system by means of the transformation (n, l, D) -¿
(n, l +/- 1, D +/- 2). This solution reduces to the
Hulthen potential case.
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dimensional Schrodinger equation for a ring-shaped pseudo-
harmonic potential. Cent. Eur. J. Phys., 6(3):685–696, 2008.
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Abstract: A new non-central potential, consist-
ing of a pseudoharmonic potential plus another re-
cently proposed ring-shaped potential, is solved.
It has the form V(r, theta) = 1/8 Kr-e(2) (r/r(e)
- r(e)/r)(2) + beta cos(2)theta/r(2)sin(2)theta.
The energy eigenvalues and eigenfunctions of the
bound-states for the Schrodinger equation in D-
dimensions for this potential are obtained analyt-
ically by using the Nikiforov-Uvarov method. The
radial and angular parts of the wave functions are
obtained in terms of orthogonal Laguerre and Ja-
cobi polynomials. We also find that the energy of
the particle and the wave functions reduce to the
energy and the wave functions of the bound-states
in three dimensions.

[299] S. M. Ikhdair and R. Sever. Exact solutions of the modi-
fied Kratzer potential plus ring-shaped potential in the d-
dimensional Schrodinger equation by the Nikiforov-Uvarov
method. Int. J. Mod. Phys. C, 19(2):221–235, 2008.

Abstract: We present analytically the exact en-
ergy bound-states solutions of the Schrodinger
equation in D dimensions for a recently proposed
modified Kratzer plus ring-shaped potential by
means of the Nikiforov-Uvarov method. We obtain
an explicit solution of the wave functions in terms
of hyper-geometric functions (Laguerre polynomi-
als). The results obtained in this work are more
general and true for any dimension which can be
reduced to the well-known three-dimensional forms
given by other works.

[300] S. M. Ikhdair and R. Sever. B-c spectroscopy in the shifted
l-expansion technique. Int. J. Mod. Phys. E-Nucl. Phys.,
17(4):669–691, 2008.

Abstract: In the framework of static and QCD-
motivated model potentials for heavy quarkonium,
we present a further comprehensive calculation of
the mass spectrum of bc system and its ground
state spin-dependent splittings in the context of the
shifted l-expansion technique. We also predict the
leptonic constant fB(c), of the lightest pseudoscalar
B,, and fB(c)*. of the vector B-c* states taking
into account the one-loop and two-loop QCD cor-
rections. Furthermore, we use the scaling relation
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to predict the leptonic constant of the nS-states
of the bc system. Our predicted results are gener-
ally in high agreement with some earlier numeri-
cal methods. The parameters of each potential are
adjusted to obtain best agreement with the exper-
imental spin-averaged data (SAD).
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WITH EQUAL SCALAR AND VECTOR RING-SHAPED
PSEUDOHARMONIC POTENTIAL. Int. J. Mod. Phys. C,
19(9):1425–1442, 2008.

Abstract: We present the exact solution of the
Klein Gordon equation in D-dimensions in the
presence of the equal scalar and vector pseudo-
harmonic potential plus the ring-shaped poten-
tial using the Nikiforov-Uvarov method. We ob-
tain the exact bound state energy levels and the
corresponding eigen functions for a spin-zero par-
ticles. We also find that the solution for this ring-
shaped pseudoharmonic potential can be reduced
to the three-dimensional (3D) pseudoharmonic so-
lution once the coupling constant of the angular
part of the potential becomes zero.

[302] S. M. Ikhdair and R. Sever. Exact quantization rule to
the Kratzer-type potentials: an application to the diatomic
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Abstract: For arbitrary values of n and l quan-
tum numbers, we present a simple exact analyti-
cal solution of the D-dimensional (D a parts per
thousand yen 2) hyperradial Schrodinger equation
with the Kratzer and the modified Kratzer poten-
tials within the framework of the exact quantiza-
tion rule (EQR) method. The exact bound state en-
ergy eigenvalues (E (nl) ) are easily calculated from
this EQR method. The corresponding normalized
hyperradial wave functions (psi (nl) (r)) are also
calculated. The exact energy eigenvalues for these
Kratzer-type potentials are calculated numerically
for a few typical LiH, CH, HCl, CO, NO, O-2, N-
2 and I-2 diatomic molecules for various values of
n and l quantum numbers. Numerical tests using
the energy calculations for the inter dimensional
degeneracy (D = 2 - 4) for I-2, LiH, HCl, O-2, NO
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EQR are in exact agreement with those obtained
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Abstract: The 1/d expansion method for poly-
mer chains is examined by comparing these ex-
pansions for several thermodynamic and structural
quantities with the results of standard series anal-
ysis of exact enumeration data. The comparisons
cover a wide range of spatial dimensions d, includ-
ing non-integer ones, and are performed for partic-
ular values of interaction energy. Good agreement
is generally found for d¿4, whereas discrepancies
become conspicuous as d decreases to d= 2. Rea-
sonable values are obtained for the exponents nu
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and gamma in d = 2 - 4 by applying the coherent-
anomaly method of Suzuki to our 1/d expansions
through fifth order in d-1.
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have been determined by means of the quantum
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Abstract: We study the renormalization of the
O(N) model using the auxiliary field formalism
(Hubbard-Stratonovich transformation) in the 1/N
expansion at finite temperature. We provide the
general strategy of renormalization for arbitrary
order and make a calculation up to next-to-leading
order. We show that renormalization is possible for
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Abstract: Using dimensional scaling, we were
able to obtain a systematic expansion for Regge
trajectories in 1/kappa, where kappa = (D-1)/2
and D is the number of spatial dimensions. Bound
states for the power-law potential were obtained
from Regge trajectories by requiring the angu-
lar momentum quantum number to take on posi-
tive integer values. For scattering states, we calcu-
lated the positions of Regge poles for the Lennard-
Jones(6,4) and (12,6)potentials. The results to first
order in 1/kappa were in good agreement with
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results for the Lennard-Jones (I 2,6) potential per-
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Abstract: We derive a simple, analytic expres-
sion for the energy splitting DELTA-E between
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the lowest pair of H2+ states (1s-sigma(g) and
2p-sigma(u)) that results from electron exchange
between two protons. The calculation employs
the semiclassical instanton method, with two un-
orthodox features which markedly simplify the
treatment: (1) The double-minimum potential
and corresponding wavefunctions that govern the
electronic tunneling are evaluated in the large-
dimension limit. (2) The time variable is rescaled to
cure divergent behavior of fluctuations about the
instanton path that otherwise appears because of
the potential develops sharp cusps as the internu-
clear distance increases. By virtue of exact inter-
dimensional degeneracies, the large-D limit yields
valid results for a 3D molecule. Indeed, a simple di-
mensional scaling law gives DELTA-E for all pairs
of g, u states that stem from separated atom states
with m = l = n - 1, for n = 1 –¿ infinity. For a
wide range of internuclear distances, our analytic
expression for DELTA-E, which pertains to the
leading order in HBAR, gives for such states good
agreement with comparable semiclassical methods
as well as with exact numerical calculations. It is
remarkable that use of the effective potential for
the large-dimension limit, which is exactly calcu-
lable from classical electrostatics, yields quantita-
tive results for electronic tunneling, an intrinsically
quantal phenomenon.
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Abstract: Analytic expressions for the D –¿ in-
finity limit previously evaluated for one- and two-
electron diatomic molecules are compared with
the familiar D = 3 potentials as functions of the
internuclear distance R for H-2(+), H-2, HHe+,
and He-2(2+). We find that the D = 3 potential
can be obtained from the large-D limit simply by
E(3)(R) E(infinity)(R)/G(R), to good approxima-
tion, where the function G(R) has the same form
for the four molecules. Furthermore, 1 - G(R) has
a corresponding-states property; when reduced by
two parameters, it becomes the same function for
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all four molecules, nearly proportional to x(2)e(-
2x), with x the scaled internuclear distance. This
suggests that the pseudoclassical D –¿ infinity limit
may provide a useful reference for analysis of inter-
molecular potentials.
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Abstract: Complex energy eigenvalues which
specify the location and width of quasibound or
resonant states are computed to good approxima-
tion by a simple dimensional scaling method. As
applied to bound states, the method involves min-
imizing an effective potential function in appropri-
ately scaled coordinates to obtain exact energies in
the D –¿ infinity limit, then computing approxi-
mate results for D = 3 by a perturbation expan-
sion in I/D about this limit. For resonant states,
the same procedure is used, with the radial co-
ordinate now allowed to be complex. Five exam-
ples are treated: the repulsive exponential poten-
tial (e(-r)); a squelched harmonic oscillator (r2e(-
r)); the inverted Kratzer potential (r-1 repulsion
plus r-2 attraction); the Lennard-Jones potential
(r-12 repulsion, r-6 attraction); and quasibound
states for the rotational spectrum of the hydro-
gen molecule (X 1SIGMA(g)+, v = 0, J = 0 to
50). Comparisons with numerical integrations and
other methods show that the much simpler di-
mensional scaling method, carried to second-order
(terms in 1/D2), yields good results over an ex-
tremely wide range of the ratio of level widths to
spacings. Other methods have not yet evaluated
the very broad H-2 rotational resonances reported
here (J¿ 39), which lie far above the centrifugal
barrier.

[324] S. Kais and D. R. Herschbach. THE 1/Z EXPAN-
SION AND RENORMALIZATION OF THE LARGE-
DIMENSION LIMIT FOR MANY-ELECTRON ATOMS. J.
Chem. Phys., 100(6):4367–4376, 1994.

Abstract: Analytic expressions for the large-
dimension limit, when renormalized by introduc-
ing:a suitable effective nuclear charge zeta yield
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accurate D=3 nonrelativistic energies for ground
states of many-electron atoms. Using Hartree-Fock
data to estimate zeta, which typically differs from
the actual charge Z by similar to 1% or less, we find
this dimensional renormalization method (denoted
DR-O) gives results substantially better than the
HF input. Comparison of the 1/Z expansion for the
large-D limit with that for D=3 atoms provides ex-
pressions for the leading error terms in the renor-
malized total energy and correlation energy. When
configuration;mixing occurs in the Z–¿infinity limit
(as for Be and many other atoms), we find the
renormalization procedure is markedly improved
by including the zeroth-order mixing (denoted DR-
1); this-contributes-a term linear in Z. Including
the Z-independent term (DR-2) also improves the
accuracy when zeroth-order mixing is absent (e.g.,
ground-state atoms with N=2, 3, and 7-11) but
not otherwise. Correlation energies for atoms and
cations with N=2-18 electrons and Z=2-28 are ob-
tained with a mean error of 26% using just the
large-D limit or HF input (DR-O); the mean error
improves to only 5% when the leading 1/Z term
is included (either DR-1 or DR-2). Results much
better than the HF approximation are likewise ob-
tained for the ionization potentials and electron
affinities of neutral atoms.

[325] S. Kais, D. R. Herschbach, N. C. Handy, C. W. Murray,
and G. J. Laming. DENSITY FUNCTIONALS AND DI-
MENSIONAL RENORMALIZATION FOR AN EXACTLY
SOLVABLE MODEL. J. Chem. Phys., 99(1):417–425, 1993.

Abstract: We treat an analytically solvable ver-
sion of the ”Hooke’s Law” model for a two-electron
atom, in which the electron-electron repulsion is
Coulombic but the electron-nucleus attraction is
replaced by a harmonic oscillator potential. Ex-
act expressions are obtained for the ground-state
wave function and electron density, the Hartree-
Fock solution, the correlation energy, the Kohn-
Sham orbital, and, by inversion, the exchange and
correlation functionals. These functionals pertain
to the ”intermediate” density regime (r(s) greater-
than-or-equal-to 1.4) for an electron gas. As a test
of customary approximations employed in density
functional theory, we compare our exact density,
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exchange, and correlation potentials and energies
with results from two approximations. These use
Becke’s exchange functional and either the Lee-
Yang-Parr or the Perdew correlation functional.
Both approximations yield rather good results for
the density and the exchange and correlation ener-
gies, but both deviate markedly from the exact ex-
change and correlation potentials. We also compare
properties of the Hooke’s Law model with those of
two-electron atoms, including the large dimension
limit. A renormalization procedure applied to this
very simple limit yields correlation energies as good
as those obtained from the approximate function-
als, for both the model and actual atoms.

[326] S. Kais, D. R. Herschbach, and R. D. Levine. DIMEN-
SIONAL SCALING AS A SYMMETRY OPERATION. J.
Chem. Phys., 91(12):7791–7796, 1989.

[327] S. Kais, J. D. Morgan, and D. R. Herschbach. ELECTRONIC
TUNNELING AND EXCHANGE ENERGY IN THE D-
DIMENSIONAL HYDROGEN-MOLECULE ION. J. Chem.
Phys., 95(12):9028–9041, 1991.

Abstract: Dimensional scaling generates an effec-
tive potential for the electronic structure of atoms
and molecules, but this potential may acquire mul-
tiple minima for certain ranges of nuclear charges
or geometries that produce symmetry breaking.
Tunneling among such minima is akin to resonance
among valence bond structures. Here we treat the
D-dimensional H-2+ molecule ion as a prototype
test case. In spheroidal coordinates it offers a sepa-
rable double-minimum potential and tunneling oc-
curs in only one coordinate; in cylindrical coordi-
nates the potential is nonseparable and tunneling
occurs in two coordinates. We determine for both
cases the ground state energy splitting DELTA-
E(D) as a function of the internuclear distance R.
By virtue of exact interdimensional degeneracies,
this yields the exchange energy for all pairs of g, u
states of the D = 3 molecule that stem from sep-
arated atom states with m = l = n - 1, for n = 1
–¿ infinity. We evaluate DELTA-E(D) by two semi-
classical techniques, the asymptotic and instanton
methods, and obtain good agreement with exact
numerical calculations over a wide range of R. We
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find that for cylindrical coordinates the instanton
path for the tunneling trajectory differs substan-
tially from either a straightline or adiabatic path,
but is nearly parabolic. Path integral techniques
provide relatively simple means to determine the
exact instanton path and contributions from fluc-
tuations around it. Generalizing this approach to
treat multielectron tunneling in several degrees of
freedom will be feasible if the fluctuation calcula-
tions can be made tractable.

[328] S. Kais, J. P. Neirotti, and P. Serra. Phase transitions and
the stability of atomic and molecular ions. Int. J. Mass Spec-
trom., 182:23–29, 1999.

Abstract: Quantum phase transitions at absolute
zero temperature can take place as some param-
eter in the Hamiltonian of the system is varied.
For such transitions, crossing the phase boundary
means that the quantum ground state changes in
some fundamental way. For the Hamiltonian of N-
electron atoms, this parameter is taken to be the
nuclear charge. As the nuclear charge reaches a
critical point, the quantum ground state changes
its characters from being bound to being degener-
ate or absorbed by a continuum. We describe here
a method to calculate the critical nuclear charge for
which an atom can bind an extra electron to form a
stable negative ion. The estimate of the critical nu-
clear charge will be used to explain and predict the
stability of atomic negative ions. The method can
be generalized to predict the stability of molecular
negative ions. A detailed calculation for the criti-
cal parameters for two center molecular ions is also
included. (C) 1999 Elsevier Science B.V.

[329] S. Kais and P. Serra. Quantum critical phenomena and sta-
bility of atomic and molecular ions. Int. Rev. Phys. Chem.,
19(1):97–121, 2000.

Abstract: In this review we discuss quantum
phase transitions and the mapping between sym-
metry breaking of electronic structure configura-
tions at the large-dimension limit and mean-held
theory of phase transitions. We show that the fi-
nite size scaling method can be used for the calcu-
lations of the critical parameters of the few-body
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Schrodinger equation. In this approach, the finite
size corresponds to the number of elements in a
complete basis set used to expand the exact eigen-
function of a given Hamiltonian. The critical pa-
rameters such as the critical nuclear charges will be
used to explain and predict the stability of atomic
and molecular negative ions. For N-electron atoms
with 2 less than or equal to N less than or equal
to 86, results show that, at most, only one electron
can be added to a free atom in the gas phase. How-
ever, doubly charged atomic negative ions might
exist in a strong magnetic field.

[330] S. Kais, S. M. Sung, and D. R. Herschbach. ATOMIC EN-
ERGIES FROM RENORMALIZATION OF THE LARGE-
DIMENSION LIMIT. J. Chem. Phys., 99(7):5184–5196,
1993.

Abstract: By augmenting Hartree-Fock (HF) re-
sults for nonrelativistic ground-state energies of N-
electron atoms by analytic expressions for the D–
¿infinity limit derived by Loeser, we obtain a sim-
ple renormalization procedure which substantially
enhances accuracy. A renormalized nuclear charge,
Z(infinity), is found which renders the dimension-
ally scaled energy at D–¿infinity a good approxima-
tion to that for D = 3 with the actual Z. The renor-
malized charge is readily evaluated by comparing
the HF energy (or any other input approximation)
with its D–¿infinity limit. For atoms with any N or
Z, the computations are elementary, requiring lit-
tle more than solution of a quartic equation. With
only HF input in addition to the D–¿infinity limit,
the renormalization procedure yields about 2/3 or
more of the correlation energy, for neutral atoms
with N=Z = 2–¿86. Further improvements in the
method seem feasible, but will require better means
to incorporate shell-structure in the large-D limit.

[331] S. Kais, S. M. Sung, and D. R. Herschbach. LARGE-
Z AND LARGE-N DEPENDENCE OF ATOMIC ENER-
GIES FROM RENORMALIZATION OF THE LARGE-
DIMENSION LIMIT. Int. J. Quantum Chem., 49(5):657–
674, 1994.

Abstract: By combining Hartree-Fock results for
nonrelativistic ground-state energies of N-electron
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atoms with analytic expressions for the large-
dimension limit, we have obtained a simple renor-
malization procedure. For neutral atoms, this
yields energies typically threefold more accurate
than the Hartree-Fock approximation. Here, we ex-
amine the dependence on Z and N of the renor-
malized energies E(N, Z) for atoms and cations
over the range Z, N = 2 –¿ 290. We find that this
gives for large Z = N an expansion of the same
form as the Thomas-Fermi statistical model, E –¿
Z(7/3)(Co + C(1)Z(-1/3) + C(2)Z(-2/3) + C(3)Z(-
3/3) + ...), with similar values of the coefficients
for the three leading terms. Use of the renormal-
ized large-D limit enables us to derive three fur-
ther terms. This provides an analogous expansion
for the correlation energy of the for Delta E –¿
Z(4/3)(Delta C-3 + Delta C(5)Z(-2/3) + Delta
C(6)Z(-3/3) + ...); comparison with accurate val-
ues of Delta E available for the range Z less than or
equal to 36 indicates the mean error is only about
10%. Oscillatory terms in E and Delta E are also
evaluated. (C) 1994 John Wiley gr Sons, Inc.

[332] O. A. Karim. EFFECTIVE-HAMILTONIANS IN THE
LARGE-N LIMIT. Phys. Rev. D, 28(4):1036–1038, 1983.

[333] B. M. Karnakov, V. D. Mur, and V. S. Popov. 1/N-
DECOMPOSITION OF WAVE-FUNCTIONS. Zhurnal
Eksperimentalnoi Teor. Fiz., 106(4):976–992, 1994.

[334] B. M. Karnakov, V. D. Mur, and V. S. Popov. Semiclassi-
cal approximation and 1/n expansion in quantum-mechanical
problems. Phys. Atom. Nuclei, 64(4):670–690, 2001.

Abstract: The semiclassical approximation and
the technique of 1/n expansion are used to calcu-
late the eigenenergies and the wave functions for
the radial Schrodinger equation. It is shown that
the expressions that are asymptotically exact in
the limit n = n(r) + l + 1 –¿ infinity and which
describe the above eigenenergies and the asymp-
totic coefficients at the origin and at infinity ensure
a satisfactory precision even for states character-
ized by modest values of the quantum numbers II,
and I, including the ground state. (C) 2001 MAIK
”Nauka/Interperiodica”.
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[335] B. M. Karnakov and S. G. Pozdnyakov. Calculation of wave
functions in the subbarrier region using 1/n expansion. Phys.
Atom. Nuclei, 58(12):2088–2095, 1995.

Abstract: A method is developed for calculating
wave functions in the subbarrier region on the ba-
sis 1/n expansion. This method is used to calculate
the asymptotic coefficient c(lp) at the origin. To il-
lustrate the accuracy of the method the results are
compared with results of numerical calculations for
power-law potentials, short-range Yukawa poten-
tials, and exponential potentials. Calculations ar
performed for node-free states and for states with
radial quantum number p = 1. The calculated cor-
rection of order 1/n is shown to considerably in-
crease the accuracy of 1/n expansion, especially
for p = 1 states (at n similar to 1, a zero-order
approximation for such states is only an estimate).

[336] H. A. Kassim and N. S. Al-Maliky. Bound eigenstates in two
dimensions for the superposition of the Coulomb and Yukawa
potentials by using the shifted 1/N method. J. Phys. B-At.
Mol. Opt. Phys., 39(14):3057–3071, 2006.

Abstract: The eigenvalue problem for an electron
that is moving in a superposition of the attrac-
tive Coulomb potential -A/r and the Yukawa po-
tential Be-lambda r/r is solved by using the shifted
1/N method. The calculations of the energy levels
have been carried out for both cases of three and
the two dimensions. The energy levels for 1s, 2p(-),
3s(-), 3p(-), 3d(-) and 4f(-) for the two dimensions
case are calculated as a function of the potential
strengths A and B and the screening parameter.. It
is shown that for a given principal quantum num-
ber n, the energy eigenvalues increase (decrease)
with increasing l for the 3D case and with increas-
ing vertical bar m vertical bar for the 2D and that
for 2s and 2p(-) levels (Lamb shift) is also dis-
cussed.

[337] H. Katsura and H. Aoki. Exact supersymmetry in the rel-
ativistic hydrogen atom in general dimensions-supercharge
and the generalized Johnson-Lippmann operator. J. Math.
Phys., 47(3):7, 2006.

Abstract: A Dirac particle in general dimensions
moving in a 1/r potential is shown to have an exact
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supersymmetry, for which the two supercharge op-
erators are obtained in terms of (a D-dimensional
generalization of) the Johnson-Lippmann operator,
an extension of the Runge-Lenz-Pauli vector that
relativistically incorporates spin degrees of free-
dom. So the extra symmetry (S(2)) in the quantum
Kepler problem, which determines the degeneracy
of the levels, is so robust as to accommodate the
relativistic case in arbitrary dimensions. (c) 2006
American Institute of Physics.

[338] S. A. V. Katyurin and O. B. Glinkin. VARIATION
ITERATION METHOD FOR ONE-DIMENSIONAL 2-
ELECTRON SYSTEMS. Int. J. Quantum Chem., 43(2):251–
258, 1992.

Abstract: The variation-iteration method of
Svartholm has been applied to the momentum-
space Schrodinger equation for one-dimensional
two-electron systems. The first and second itera-
tion momentum-space wave functions have been
evaluated in analytical forms. The momentum
representation of the exact Hartree-Fock ground-
state wave function is chosen as thc initial func-
tion. The influence of electron correlation on the
distribution of momentum-space probability den-
sity has been studied. It is shown for the one-
dimensional McWeeny-Coulson problem that the
numerical value of the ground-state energy of the
one-dimensional two-electron atom is between the
minimum energy values epsilon-l/2 and epsilon-1.

[339] R. S. Kaushal. SOLUTION OF THE WAVE-EQUATION
USING THE 1/N EXPANSION AND PERTURBATION-
METHODS. Lettere Al Nuovo Cimento, 41(13):434–438,
1984.

[340] D. I. Kazakov and V. S. Popov. On the summation of di-
vergent perturbation series in quantum mechanics and field
theory. J. Exp. Theor. Phys., 95(4):581–600, 2002.

Abstract: The possibility of recovering the Gell-
Mann-Low function in the asymptotic strong-
coupling regime by known first-order perturbation-
theory (PT) terms beta(n) and their asymptotics
(&beta;) over tilde (n) as n –¿ infinity is inves-
tigated. Conditions are formulated that are nec-
essary for recovering the required function at the
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physical level of rigor: (1) a large number of PT co-
efficients are known whose asymptotics has already
been established, and (2) there is no intermediate
asymptotics. Higher orders of PT, their asymptotic
behavior, and power corrections are calculated in
quantum mechanical problems that involve diver-
gent PT series (including series for a funnel poten-
tial, the phi((0))(4) model, and the Stark effect in
a strong field). The scalar field theory phi((4))(4) is
considered in the (MS) over bar and MOM regular-
ization schemes. It is shown that one cannot make
any definite conclusion about the asymptotics of
the Gell-Mann-Low function as g –¿ infinity on the
basis of information available for the above theory.
(C) 2002 MAIK ”Nauka/Interperiodica”.

[341] J. B. Keller. ASYMPTOTIC SOLUTION OF EIGEN-
VALUE PROBLEMS. Ann. Phys., 9(1):24–75, 1960.

[342] J. Killingbeck. QUANTUM-MECHANICAL
PERTURBATION-THEORY. Rep. Prog. Phys., 40(9):963–
1031, 1977.

[343] F. W. King. Progress on high precision calculations for the
ground state of atomic lithium. Theochem-J. Mol. Struct.,
400:7–56, 1997.

Abstract: Progress on high precision calculations
for the ground state of atomic lithium is reviewed.
The following properties are considered: upper and
lower bounds to the nonrelativistic ground state
energy, the specific mass shift, the transition iso-
tope shift, relativistic corrections to the ground
state energy, the Lamb shift, the ionization poten-
tial, the electron affinity, the hyperfine coupling
constant, the nuclear magnetic shielding constant,
the diamagnetic susceptibility, several polarizabil-
ity factors, shielding constants, oscillator strength
sums, the electron density and spin density, intrac-
ule functions, moments [r(i)(n)] and [r(i)(jn)] and
form factors. A discussion is also given on some
convergence considerations as they apply to high
precision calculations on the lithium atom. (C)
1997 Elsevier Science B.V.

[344] H. Klar. EQUILIBRIUM ATOMIC-STRUCTURE - RO-
TATING ATOMS. Z. Phys. D-Atoms Mol. Clusters,
3(4):353–358, 1986.
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[345] N. A. Kobylinsky, S. S. Stepanov, and R. S. Tutik. NEW
SEMICLASSICAL APPROXIMATION FOR QUARKONIA
REGGE TRAJECTORIES. Phys. Lett. B, 235(1-2):182–186,
1990.

[346] R. D. Koch and J. P. Rodrigues. Systematic 1/N corrections
for bosonic and fermionic vector models without auxiliary
fields. Phys. Rev. D, 54(12):7794–7814, 1996.

Abstract: In this paper, colorless bilocal fields
are employed to study the large N limit of both
fermionic and bosonic vector models. The Jacobian
associated with the change of variables from the
original fields to the bilocals is computed exactly,
thereby providing an exact effective action. This
effective action is shown to reproduce the familiar
perturbative expansion for the two and four point
functions. In particular, in the case of fermionic
vector models, the effective action accounts cor-
rectly for the Fermi statistics. The theory also is
studied nonperturbatively. The stationary points of
the effective action are shown to provide the usual
large N gap equations. The homogeneous equation
associated with the quadratic (in the bilocals) ac-
tion is simply the two particle Bethe-Salpeter equa-
tion. Finally, the leading correction in 1/N is shown
to be in agreement with the exact S matrix of the
model.

[347] A. Konechny and O. T. Turgut. Super-Grassmannian and
large N limit of quantum field theory with bosons and
fermions. J. Math. Phys., 43(6):2988–3010, 2002.

Abstract: We study a large N-c limit of a two-
dimensional Yang-Mills theory coupled to bosons
and fermions in the fundamental representation.
Extending an approach due to Rajeev we show that
the limiting theory can be described as a classi-
cal Hamiltonian system whose phase space is an
infinite-dimensional super-Grassmannian. The lin-
ear approximation to the equations of motion and
the constraint yields the ’t Hooft equations for
the mesonic spectrum. Two other approximation
schemes to the exact equations are discussed. (C)
2002 American Institute of Physics.
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[348] V. I. Korobov. Coulomb three-body bound-state problem:
Variational calculations of nonrelativistic energies. Phys.
Rev. A, 61(6):3, 2000.

Abstract: It is known that variational meth-
ods are the most powerful tool for studying
the Coulomb three-body bound-state problem.
However, they often suffer from loss of sta-
bility when the number of basis functions in-
creases. This problem can be cured by apply-
ing the multiprecision package designed by D.
H. Bailey. We consider variational basis func-
tions of the type exp(-alpha(n)r(1)-beta(n)r(2)-
gamma(n)r(12)) with complex exponents. The
method yields the best available energies for the
ground states of the helium atom and the posi-
tive hydrogen molecular ion as well as many other
known atomic and molecular systems.

[349] V. A. Kostelecky, M. M. Nieto, and D. R. Truax. SU-
PERSYMMETRY AND THE RELATIONSHIP BETWEEN
THE COULOMB AND OSCILLATOR PROBLEMS IN AR-
BITRARY DIMENSIONS. Phys. Rev. D, 32(10):2627–2633,
1985.

[350] A. V. Koudinov and M. A. Smondyrev. 1/N-EXPANSION
FOR THE ANHARMONIC-OSCILLATOR. Czech. J. Phys.,
32(5):556–564, 1982.

[351] R. Krivec. Hyperspherical-harmonics methods for few-body
problems. Few-Body Syst., 25(4):199–238, 1998.

Abstract: A review of hyperspherical-harmonics
(HH) methods from the standpoint of their applica-
tions is given. In the first lecture, the symmetrized
and unsymmetrized HH bases and symmetriza-
tion methods are presented. The physical obstacles
to the straightforward application of the HH ex-
pansion are discussed, and expansion acceleration
methods are described. In the second lecture, the
main HH methods are described, including the cor-
relation function hyperspherical harmonic method
(CFHHM), the potential harmonic (PH) methods,
and the correlated HH methods (PHH, CHH). The
third lecture discusses the advantages and limita-
tions of different HH methods in applications, and
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compares the results for specific few-body prob-
lems obtained by HH methods as well as non-HH
methods.

[352] A. V. Kudinov and M. A. Smondyrev. QUANTUM-
MECHANICAL OSCILLATOR WITH ARBITRARY
ANHARMONICITY - 1/N EXPANSION AND
PERTURBATION-THEORY. Theor. Math. Phys.,
56(3):871–878, 1983.

[353] M. Kumar, A. Srivastava, J. K. Bhattacharjee, and K. Baner-
jee. MOLECULAR-BINDING IN THE LARGE-N EXPAN-
SION. Phys. Lett. A, 117(5):226–228, 1986.

[354] W. Kutzelnigg. R12-DEPENDENT TERMS IN THE
WAVE-FUNCTION AS CLOSED SUMS OF PARTIAL-
WAVE AMPLITUDES FOR LARGE-L. Theor. Chim. Acta,
68(6):445–469, 1985.

[355] W. Kutzelnigg. PRESENT AND FUTURE-TRENDS IN
QUANTUM CHEMICAL CALCULATIONS. Theochem-J.
Mol. Struct., 50(1-2):33–54, 1988.

[356] G. F. Kventsel and J. Katriel. THOMAS-FERMI ATOM IN
N-DIMENSIONS. Phys. Rev. A, 24(5):2299–2301, 1981.

[357] C. H. Lai. PERTURBATIVE RESULTS FROM THE
1/N EXPANSION FOR SCREENED COULOMB POTEN-
TIALS. J. Math. Phys., 28(8):1801–1808, 1987.

[358] W. B. Laing, M. Dunn, and D. K. Watson. Analytic, group-
theoretic density profiles for confined, correlated N-body sys-
tems. Phys. Rev. A, 74(6):13, 2006.

Abstract: Confined quantum systems involving
N identical interacting particles are to be found
in many areas of physics, including condensed-
matter, atomic, and chemical physics. A beyond-
mean-field perturbation method that is applicable,
in principle, to weakly, intermediate, and strongly
interacting systems has been set forth by the au-
thors in a previous series of papers. Dimensional
perturbation theory was used, and in conjunction
with group theory, an analytic beyond-mean-field
correlated wave function at lowest order for a sys-
tem under spherical confinement with a general
two-body interaction was derived. In the present
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paper, we use this analytic wave function to de-
rive the corresponding lowest-order, analytic den-
sity profile and apply it to the example of a Bose-
Einstein condensate.

[359] I. Langmuir. The arrangement of electrons in atoms and
molecules. J. Am. Chem. Soc., 41:868–934, 1919.

[360] J. G. Leopold, I. C. Percival, and A. S. Tworkowski. SEMI-
CLASSICAL PERTURBATION-THEORY FOR ENERGY-
LEVELS OF PLANETARY ATOMS. J. Phys. B-At. Mol.
Opt. Phys., 13(6):1025–1036, 1980.

[361] G. N. Lewis. The atom and the molecule. J. Am. Chem.
Soc., 38:762–785, 1916.

[362] C. D. Lin and T. Morishita. Few-body problems: The hy-
perspherical way. Phys. Essays, 13(2-3):367–376, 2000.

Abstract: Hyperspherical coordinates were first
introduced by Pane in the 1960s to understand the
basic properties of doubly excited slates of helium
atoms, In the past few decades, this approach has
been refined and extended to a broad range of few-
body atomic and molecular systems. The success
story of this general method as first laid out by
Fano is reviewed.

[363] D. H. Lin. The path integration of a relativistic particle on
a D-dimensional sphere. J. Phys. A-Math. Gen., 30(9):3201–
3217, 1997.

Abstract: The fixed-energy amplitude of a rela-
tivistic particle near and on the sphere in D dimen-
sions is given by the path integral approach. The
Duru-Kleinert equivalence between the project am-
plitude of a relativistic particle near the surface of
spheres in D = 3 and 4 dimensions with the Rosen-
Morse and general Rosen-Morse systems are dis-
cussed.

[364] Y. X. Liu, X. H. Zhang, and Y. S. Duan. Detecting ex-
tra dimension by helium-like ions. Mod. Phys. Lett. A,
23(22):1853–1860, 2008.

Abstract: Considering that gravitational force
might deviate from Newton’s inverse-square law
and become much stronger in small scale, we
present a method to detect the possible existence
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of extra dimensions in the ADD model. By mak-
ing use of an effective variational wave function,
we obtain the nonrelativistic ground energy of a
helium atom and its isoelectronic sequence. Based
on these results, we calculate gravity correction of
the ADD model. Our calculation may provide a
rough estimation about the magnitude of the cor-
responding frequencies which could be measured in
later experiments.

[365] Y. X. Liu, Z. H. Zhao, Y. Q. Wang, and Y. H. Chen. Varia-
tional calculations and relativistic corrections to the nonrel-
ativistic ground energies of the helium atom and the helium-
like ions. Acta Phys. Sin., 54(6):2620–2624, 2005.

Abstract: Mathematica language is used to make
a program that can solve the three-body problem
with variational method. Considering the nuclear
motion, the nonrelativistic ground energies and the
analytic wave functions of the helium atom and the
helium-like ions ( H-, He, L+ , Be+ +, B3+, C4+,
N5+, O6+) are presented by using a simple effec-
tive variational wave function with a flexible pa-
rameter k. Based on these results, the influence of
a finite nucleus charge radius, the relativistic and
radiative corrections on the nonrelativistic Hamil-
tonian are discussed. The high precision values of
the helium atom and the helium-like ions ground
energies are evaluated.

[366] S. S. Lo and D. A. Morales. A closed-form relation for
dimension-dependent two-electron matrix elements of the in-
terelectronic distance. J. Math. Chem., 35(1):21–28, 2004.

Abstract: The evaluation of matrix elements of
two electron atoms is fundamental for the study
of the electronic properties of those systems. We
add to this knowledge by presenting an explicit ex-
pression for the matrix elements of the inverse of
the interelectronic distance of two-electron atoms
in any spatial dimension D. The basis functions
used are the D-dependent hydrogenic wavefunc-
tions 1s(2), 2p(2), 3d(2), 4f(2), 5g(2),..., 21y(2),...,
extending and including, in this way, the results
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the D-dimensional harmonic oscillator and the
Wigner distribution function for the d-dimensional
Coulomb problem is then obtained. This exactly
soluble model can shed some light on finite-size
features of Wigner’s distribution, which will be
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is used that maps the d-dimensional Coulomb
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dimensional Coulomb problem are then obtained.
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the bound states of the Schrodinger equation
HPsi=EPsi with H-0+lambdaV and Psiparallel
to(x=+/-infinity)=0 is studied. The approach
involves solving the corresponding Dirichlet prob-
lem H(R)Psi(R)=E(R)Psi(R) on a finite interval
[-R,R] by the Rayleigh-Schrodinger perturba-
tion theory (RSPT). The method is based on
the fact that E-R,Psi(R) converge to E,Psi as
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summability properties of the RSPT series E-
R=Sigma(k=0)(infinity)E(R)((k))lambda(k)
are the anharmonic oscillators
H=p(2)+x(2)+lambdax(2M), with M=2,3,4
for which the RSPT produces strongly divergent
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series E=Sigma(k=0)(infinity)E((k))lambda(k).
The summation of the latter series with large
lambda for the octic case is considered as an
extremely challenging summation problem, in
part, since it was rigorously proven that the Pade
approximants cannot converge and the two-point
Pade approximants, which combine information
of the renormalized weak coupling and strong
coupling expansions, give relatively good results.
The calculations of this work show that the
ordinary Pade approximants from the sole un-
normalized E-R series for the octic oscillator give
accurate results with small or large lambda. The
coefficients E-R((k)) are calculated with the eigen-
value series of an operator H-Rn, whose resolvent
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fects with respect to 1/d, d being the dimensional-
ity of the system, are Kondo-effect-type local spin
fluctuations and mean-field-approximation-type
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of higher order: Critical and intersite spin fluctua-
tions are O(1/square-root d); and paramagnetic or-
ders are at most O(1/d). The 1/d expansion is one
of the most useful methods for examining lower-
temperature phases in real dimensions.
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In addition, for two important particular cases pre-
viously studied in the literature – classical CRS in
a magnetic field only and classical CRS in an elec-
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efficient of the inverse quadratic term. The expec-
tation values for ¡ r(-2) ¿, ¡ r(-1) ¿ and the virial
theorem for this potential are obtained and the val-
ues are also dimensions and parameter dependent.
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Abstract: We present analytically the exact so-
lutions of the Schrodinger equation in the N-
dimensional spaces for the pseudoharmonic oscilla-
tor potential by means of the ansatz method. The
energy eigenvalues of the bound states are easily
calculated from this eigenfunction ansatz. The nor-
malized wavefunctions are also obtained. A realiza-
tion of the ladder operators for the wavefunctions is
studied and we deduced that these operators sat-
isfy the commutation relations of the generators
of the dynamical group SU(1,1). Some expecta-
tion values for ¡ r(-2)¿, ¡ r(2)¿, ¡ T ¿, ¡ V ¿, ¡ H
¿, ¡ p(2)¿ and the virial theorem for the pseudo-
harmonic oscillator potential in an arbitrary num-
ber of dimensions are obtained by means of the
Hellmann-Feynman theorems. Each solution ob-
tained is dimensions and parameters dependent.
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Abstract: Some aspects of the N-dimensional
isotropic harmonic plus inverse quadratic poten-
tial are discussed. The hyperradial equation for
isotropic harmonic oscillator Plus inverse quadratic
potential is solved by transformation into the con-
fluent hypergeometric equation to obtain the nor-
malized hyperradial Solution. Together with the
hyperangular solutions (hyperspherical harmon-
ics), these form the complete energy eigenfunctions
of the N-dimensional isotropic harmonic oscilla-
tor plus inverse quadratic potential and the energy
eigenvalues are also obtained. These are dimension-
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and the degeneracy of the energy levels are dis-
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Abstract: The shifted 1/N expansion technique
is applied to the radial Dirac equation. it is shown
that the fixing condition E(1) = 0 produces an en-
hanced accuracy for Yukawa and Hulthen poten-
tials. The modified shifted 1/N expansion results
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results obtained by other approximate methods.
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Abstract: The shifted large-N technique (SLNT)
has been applied to study the relativistic motion
of a particle in the presence of vector and scalar
interactions with special emphasis on the construc-
tion of both large- and small-component Dirac ra-
dial wave functions. Numerical results for the bind-
ing energy for a particle in the presence of the
Coulomb plus linear confining potential compare
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approximation technique. We illustrate that one
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Abstract: Quickly tractable energy-formulas for
relativistic two-body systems are established to
first 1/N-order in terms of general classical Hamil-
tonians (m1 greater-than-or-equal-to m2). Arbi-
trary spherically-symmetrical vector and/or scalar
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potentials are assumed. Such Hamiltonians, which
have to be converted into related non-relativistic
ones, play the role of a dominant zeroth-order ap-
proximation (an exact description) in the case of
two fermions (two bosons). Proofs have also been
given that the 1/N-method is quite suitable for the
systematic description of order-dependent contri-
butions to the energy of Coulomb-Bethe-Salpeter
systems, now to alpha-6-order.

[479] E. Papp. 1/N ENERGY-FORMULAS FOR RELATIVISTIC
2-BODY COULOMB AND YUKAWA SYSTEMS WITH
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Abstract: Energy formulae for two-particle Klein-
Gordon systems subjected to Coulomb and Yukawa
potentials are derived to first 1/N-order. The en-
ergies obtained in this manner incorporate the in-
fluence of the mass-asymmetry via the parameter-
delta = (m1(2) - M2(2))2. Certain Coulomb-
inspired extrapolations to Dirac-particle systems,
having the meaning of dominant contributions,
are taken into account. Numerical results are pre-
sented.
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TIVISTIC 2-BODY Q1QBAR2 SYSTEMS. Phys. Lett. B,
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Abstract: Proofs are given that the mass spec-
tra of bsBAR mesons predicted by Crater and Van
Alstine can be reproduced, within relative errors
smaller than a few percents, by applying simplified
1/N equations, now just in terms of a related phe-
nomenological vectorial Coulomb plus linear po-
tential. Such equations are also useful for a quickly
tractable energy description of other relativistic
two-body systems with arbitrary masses, for which
the constituent Coulomb potential plays a signifi-
cant role.
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Abstract: A general q-deformation formula for
the expansion parameter of the 1/N method
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is derived. One proceeds by interpolating be-
tween the suitable q-deformed energy of the
three-dimensional Coulomb problem and the sym-
metrized q-deformed energy of the harmonic os-
cillator in N space-dimensions. Useful q-deformed
1/N energy formulae for arbitrary spherically sym-
metrical O(N)-potentials are presented.
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Abstract: The 1/N approach to the Harper equa-
tion proposed previously is generalized towards
performing the pertinent band-energy description.
Leading forms and corrections proceeding to first
order in the magnetic field are written down.
The energy reflection symmetry has also been dis-
cussed.
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Abstract: Closed 1/N-energy-formulae for rela-
tivistic two-boson (m1 not-equal m2) systems with
a vector exponential potential have been written
down to first 1/N-order. Numerical estimates and
structural properties are presented.

[485] E. Papp and C. Micu. The derivation of 1/N equivalent po-
tentials for the radial Schrodinger equation in N space di-
mensions. Can. J. Phys., 74(3-4):102–107, 1996.

Abstract: Proofs are given that SOq(N)-
motivated q deformations of the expansion pa-
rameter of the 1/N method can be incorporated
into symmetry transformations preserving the ra-
dial form of the Schrodinger equation. This opens
the way to establish the q deformed energy and the
corresponding 1/N equivalent potential. So far the
number of space dimensions is subject of covari-
ant transformations. An alternative derivation of
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the 1/N equivalent potential is also done by keep-
ing this number invariant. In this latter case, the
stability attributes of q-deformed power-law poten-
tials are discussed in terms of the q¿1 choice.
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polymers. Eur. Phys. J. B, 8(4):603–611, 1999.

Abstract: We present a variational approach
for directed polymers in D transversal dimensions
which is used to compute the correction to the
mean field theory predictions with broken replica
symmetry. The trial function is taken to be a sym-
metrized version of the mean-field solution, which
is known to be exact for D = infinity. We compute
the free energy corresponding to that function and
show that the finite-D corrections behave like D-
4/3. It means that the expansion in powers of 1/D
should be used with great care here. We hope that
the techniques developed in this note will be useful
also in the study of spin glasses.

[487] S. H. Patil. Hydrogen molecular ion and molecule in two
dimensions. J. Chem. Phys., 118(5):2197–2205, 2003.

Abstract: We discuss some general properties of
the wave functions of H-2(+) in two dimensions,
when the electron is close to the nucleus, and when
it is far away from the nucleus. Based on these
properties, some simple, parameter-free wave func-
tions are developed for some of the states. They
lead to quite accurate energies and give an insight
into the structure of H-2(+) in two dimensions.
These wave functions and appropriate correlation
functions, are then used to develop reliable wave
functions for H-2 in two dimensions. They provide
a clear and interesting comparison with the cor-
responding results in three dimensions. (C) 2003
American Institute of Physics.

[488] S. H. Patil. The helium atom and isoelectronic ions in two
dimensions. Eur. J. Phys., 29(3):517–525, 2008.

Abstract: The energy levels of the helium atom
and isoelectronic ions in two dimensions are con-
sidered. The difficulties encountered in the analyt-
ical evaluation of the perturbative and variational
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expressions for the ground state, promote an inter-
esting factorization of the inter-electronic interac-
tion, leading to simple expressions for the energy.
This expression provides an insight into the gen-
eral structure and screening effect in the ground
state. Some of the considerations are extended to
excited states. The dimensionality properties of the
energy spectrum of a helium atom, the screening
effect and their implications are of significant ped-
agogical interest in the study of perurbative and
variational approaches to analyse the properties of
helium atoms, in quantum mechanics and atomic
physics, for general graduate students and special-
ists in atomic physics.

[489] S. H. Patil and Y. P. Varshni. Two electrons in a simple
harmonic potential. Can. J. Phys., 84(3):181–192, 2006.

Abstract: Some structural properties of energy
eigenfunctions of two electrons in a simple har-
monic potential are analyzed. Simple expressions
are obtained for the energy spectrum based on a
model potential, and on a model wave function.
These expressions give accurate values for the en-
ergy eigenvalues and provide a physical insight into
their structure.

[490] S. Peris. Large-N-c QCD and Pade approximant theory.
Phys. Rev. D, 74(5):5, 2006.

Abstract: In the large-N-c limit of QCD, the ex-
pansion of the vacuum polarization at low energies
determines the whole function at any arbitrarily
large (but finite) energy. This result is an imme-
diate consequence of the theory of Pade approxi-
mants to Stieltjes functions.

[491] S. Peris, M. Perrottet, and E. de Rafael. Matching long and
short distances in large-N-c QCD. J. High Energy Phys.,
(5):38, 1998.

Abstract: It is shown, with the example of the
experimentally known Adler function, that there is
no matching in the intermediate region between the
two asymptotic regimes described by perturbative
QCD (for the very short-distances) and by chiral
perturbation theory (for the very long-distances).
We then propose to consider an approximation of
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large-N-c QCD which consists in restricting the
hadronic spectrum in the channels with J(P) quan-
tum numbers 0(-), 1(-), 0(+) and 1(+) to the
lightest state and to treat the rest of the narrow
states as a perturbative QCD continuum; the onset
of this continuum being fixed by consistency con-
straints from the operator product expansion. We
show how to construct the low-energy effective La-
grangian which describes this approximation. The
number of free parameters in the resulting effec-
tive Lagrangian can be reduced, in the chiral limit
where the light quark masses are set to zero, to just
one mass scale and one dimensionless constant to
all orders in chiral perturbation theory. A compari-
son of the corresponding predictions, to O(p(4)) in
the chiral expansion, with the phenomenologically
known couplings is also made.

[492] T. M. Perrine, R. K. Chaudhuri, and K. F. Freed. Quadratic
Pade approximants and the intruder state problem of mul-
tireference perturbation methods. Int. J. Quantum Chem.,
105(1):18–33, 2005.

Abstract: Simple and quadratic Pade resum-
mation methods are applied to high-order series
from multireference many-body perturbation the-
ory (MR-MBPT) calculations using various par-
titioning schemes (Moller-Plesset, Epstein-Nesbet,
and forced degeneracy) to determine their efficacy
in resumming slowly convergent or divergent se-
ries. The calculations are performed for the ground
and low-lying excited states of (i) CH2, (ii) BeH2,
at three geometries, and (iii) Be, for which full
configuration interaction (0) calculations are avail-
able for comparison. The 49 perturbation series
that are analyzed include those with oscillatory
and monotonic divergence and convergence, includ-
ing divergences that arise from either frontdoor
or backdoor intruder states. Both the simple and
quadratic Pade approximations are found to speed
the convergence of slowly convergent or divergent
series. However, the quadratic Pade method gen-
erally outperforms the simple Pade resummation.
(c) 2005 Wiley Periodicals, Inc.
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Abstract: We derive consistency conditions which
constrain the possible form of the strong couplings
of the excited baryons to the pions. The consis-
tency conditions follow from requiring the pion-
excited baryon scattering amplitudes to satisfy the
large-N-c Witten counting rules and are analogous
to consistency conditions used by Dashen, Jenkins,
and Manohar and others for s-wave baryons. The
consistency conditions are explicitly solved, giving
the most general allowed form of the strong ver-
tices for excited baryons in the large-N-c limit. We
show that the solutions to the large-N-c consistency
conditions coincide with the predictions of the non-
relativistic quark model for these states, extend-
ing the results previously obtained for the s-wave
baryons. The 1/N-c corrections to these predictions
are studied in the quark model with arbitrary num-
ber of colors N-c.

[494] P. V. Pobylitsa. Baryon distribution amplitude: Large-N-
c factorization, spin-flavor symmetry and soft-pion theorem.
Phys. Rev. D, 72(1):20, 2005.

Abstract: The 1/N-c expansion for the baryon
distribution amplitude is constructed in terms of a
specially designed generating functional. At large
N-c this functional shows exponential behavior.
The exponential factor is universal for all low-
lying baryons and baryon-meson scattering states.
Simple factorization properties are established for
the preexponential term. This factorization agrees
with the large-N-c contracted SU(2N(f)) spin-
flavor symmetry. The consistency of the factoriza-
tion with the soft-pion theorem for the baryon dis-
tribution amplitude is explicitly checked. A rela-
tion between the generating functionals for the dis-
tribution amplitudes of the nucleon and the Delta
resonance is derived.

[495] V. S. Popov. ON THE THEORY OF THE ABOVE-
THE-BARRIER STARK RESONANCES. Phys. Lett. A,
173(1):63–68, 1993.

Abstract: A semiclassical 1/n-expansion for the
Stark effect in a strong electric field epsilon is con-
sidered, which gives simple analytic formulae de-
termining the atomic widths GAMMA(n)(epsilon).
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It has been shown that there is a range in which
the widths of the Stark resonances depend almost
linearly on the applied electric field, which agrees
with numerical calculations.

[496] V. S. Popov. Tunneling and above-barrier ionization of atoms
in a laser radiation field. J. Exp. Theor. Phys., 91(1):48–66,
2000.

Abstract: Calculations are made of the energy
and angular distributions of photoelectrons during
tunneling ionization of an atom or an ion under the
action of high-power laser radiation (for all values
of the Keldysh parameter gamma). Cases of lin-
ear, circular, and elliptic polarizations of the elec-
tromagnetic wave are considered. The probability
of above-barrier ionization of hydrogen atoms in
a low-frequency (gamma much less than 1) laser
field is calculated. Formulas are given for the mo-
mentum spectrum of the electrons when an atomic
level is ionized by a general type of alternating elec-
tric field (for the case of linear polarization). An
analysis is made of tunneling interference in the
energy spectrum of the photoelectrons. Analytic
approximations are discussed for the asymptotic
coefficient C-kappa of the atomic wave function
at infinity (for s-wave electrons). (C) 2000 MAIK
”Nauka/Interperiodica”.

[497] V. S. Popov, B. M. Karnakov, and V. D. Mur. 1/n-expansion
for asymptotic coefficients of radial wave functions in quan-
tum mechanics. Phys. Lett. A, 224(1-2):15–21, 1996.

Abstract: Using the 1/n-expansion, we obtain
analytic formulae for the bound state radial wave
functions, including its asymptotic coefficients at r
–¿ 0 and r –¿ infinity, for an arbitrary smooth po-
tential V(r). The formulae are asymptotically exact
in the limit n( )r–¿ infinity (n = n(r) + l + 1 is the
principal quantum number and the expansion pa-
rameter is 1/n). Comparison with exact solutions
and numerical calculations for the power-law and
short-range potentials show that the applicability
region of these formulae is usually prolonged up to
small quantum numbers, n similar to 1. With grow-
ing n(r), the accuracy of the formulae decreases,
but the WKB method becomes applicable in this
case.
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[498] V. S. Popov, B. M. Karnakov, and V. D. Mur. Quasiclassical
theory of atomic ionization in electric and magnetic fields.
Phys. Lett. A, 229(5):306–312, 1997.

Abstract: Using the ”imaginary time” method
we have calculated (in the quasiclassical approxi-
mation) the probability of ionization of the atomic
s-state in static electric and magnetic fields. The
Coulomb interaction between the emitted electron
and the atomic remainder is taken into account.
The results obtained are valid for external fields E
and H which are smaller than characteristic atomic
fields. The case of mutually orthogonal fields (the
Lorentz ionization) is carefully studied. (C) 1997
Elsevier Science B.V.

[499] V. S. Popov, B. M. Karnakov, and V. D. Mur. Ionization of
atoms in electric and magnetic fields and the imaginary time
method. J. Exp. Theor. Phys., 86(5):860–874, 1998.

Abstract: A semiclassical theory is developed for
the ionization of atoms and negative ions in con-
stant, uniform electric and magnetic fields, includ-
ing the Coulomb interaction between the electron
and the atomic core during tunneling. The case
of crossed fields (Lorentz ionization) is examined
specially, as well as the limit of a strong mag-
netic field. Analytic equations are derived for ar-
bitrary fields E and H that are weak compared to
the characteristic intraatomic fields. The major re-
sults of this paper are obtained using the ”imag-
inary time” method (ITM), in which tunneling is
described using the classical equations of motion
but with purely imaginary ”time.” The possibil-
ity of generalizing the ITM to the relativistic case,
as well as to states with nonzero angular momen-
tum, is pointed out. (C) 1998 American Institute
of Physics. [S1063-7761(98)00405-3].

[500] V. S. Popov and V. D. Mur. PERTURBATION-THEORY
FOR QUASI-STATIONARY LEVELS. Jetp Lett., 60(1):66–
70, 1994.

Abstract: A perturbation-theory formula is de-
rived for the energies of quasistationary states (res-
onances) in the semiclassical approximation. This
formula is valid for resonances either below or
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above the barrier. It is illustrated for several po-
tentials, for which a comparison can be made with
exact solutions.

[501] V. S. Popov, V. D. Mur, and A. V. Sergeev. 1/N-
EXPANSION AND SCALING FOR THE STARK-EFFECT
IN RYDBERG ATOMS. Phys. Lett. A, 149(9):425–430, 1990.

[502] V. S. Popov, V. D. Mur, and A. V. Sergeev. QUANTIZA-
TION RULES FOR QUASI-STATIONARY STATES. Phys.
Lett. A, 157(4-5):185–191, 1991.

Abstract: The modification of the Bohr-
Sommerfeld quantization rules, which is due to the
barrier penetrability, is found. The equation ob-
tained is valid for an arbitrary analytical poten-
tial U(x), obeying the quasiclassical conditions. It
determines both the position E(r) and the width-
GAMMA of the quasistationary state. A general-
ization of the Gamow formula for multidimensional
systems with separable coordinates is derived. A
comparison with exactly solvable models as well as
with numerical solutions of the Schrodinger equa-
tion for the Stark problem is performed.

[503] V. S. Popov, V. D. Mur, and A. V. Sergeev. QUANTI-
ZATION RULES WITH ALLOWANCE FOR BARRIER
PENETRATION. Zhurnal Eksperimentalnoi Teor. Fiz.,
100(1):20–44, 1991.

Abstract: A correction to the quasiclassical quan-
tization rules is found which is connected with the
taking into account of the barrier penetration. The
equation derived defines both the position E(r) and
width GAMMA of the quasistationary level. The
results are compared with numerical solutions of
the Schrodinger equation and with the exactly sol-
uble models. A generalization of the Gamov for-
mula for systems with separated variables is ob-
tained. The possibility of extending the results to
the relativistic case is discussed.

[504] V. S. Popov, V. D. Mur, and A. V. Sergeev. CRITICAL
FIELDS AND ABOVE-BARRIER STARK RESONANCES.
Jetp Lett., 59(3):158–162, 1994.

Abstract: Exact values of the critical field E(c)
are calculated for a hydrogen atom, including the
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case of the ground state. The widths GAMMA(n)
of Stark resonances at E = E(c) are also calculated.
In the above-barrier region (E ¿ E(c)) the widths
GAMMA(n)(E) are essentially linear functions of
the electric field strength.

[505] V. S. Popov, V. D. Mur, and A. V. Sergeev. THE-
ORY OF STARK-EFFECT IN THE STRONG-FIELD -
CRITICAL FIELDS, ABOVE-BARRIER RESONANCES,
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STRONG-FIELD STARK-EFFECT - PERTURBATION-
THEORY AND 1/N-EXPANSION. Phys. Lett. A,
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berg. 1/N-EXPANSION FOR THE STARK-EFFECT IN
STRONG FIELD. Phys. Lett. A, 124(1-2):77–80, 1987.

[508] V. S. Popov and A. V. Sergeev. ASYMPTOTIC FORM OF
HIGHER ORDERS OF THE 1/N EXPANSION. Jetp Lett.,
57(5):281–285, 1993.

Abstract: The asymptotic form of higher orders
of the 1/n expansion in quantum mechanics is fac-
torial. The Yukawa potential and the hydrogen
atom in electric and magnetic fields are discussed.

[509] V. S. Popov and A. V. Sergeev. LARGE ORDERS OF THE
1/N EXPANSION IN QUANTUM-MECHANICS. Phys.
Lett. A, 172(4):193–198, 1993.

Abstract: The asymptotics of large orders of the
1/n expansion in quantum mechanics has been
found. It is shown that the coefficients epsilon(k)
grow as k!a(k) With k–¿infinity, and the depen-
dence of the parameter a on the coupling constant
is investigated.

[510] V. S. Popov and A. V. Sergeev. ASYMPTOTICS OF THE
HIGHEST ORDERS OF 1-N-DECOMPOSITION FOR
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Abstract: The asymptotics of large orders of
the 1/n-expansion is investigated for multidimen-
sional problems of quantum mechanics and atomic
physics, including those with separable variables
(the hydrogen molecular ion H-2(+)), and those
where separation of variables is impossible (a hy-
drogen atom in electric and magnetic fields). It
is shown that the parameters of the asymptotics
can be found by means of calculating sub-barrier
trajectories with the help of the ”imaginary time”
method, as well as by solution of the eikonal equa-
tion.

[512] V. S. Popov and A. V. Sergeev. Effect of a magnetic field on
the ionization of atoms. Jetp Lett., 63(6):417–422, 1996.

Abstract: The ionization probability of an atomic
s state under the action of static electric and mag-
netic fields is calculated taking into account the
Coulomb interaction between the escaping electron
and the atomic core. The structure of the perturba-
tion series for the energy of the level is investigated
and the asymptotic behavior of the higher orders of
the perturbation theory is found. (C) 1996 Ameri-
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Abstract: Using the imaginary time method, we
study the structure of the perturbation series for
the hydrogen atom in electric E and magnetic H
fields. It is shown that there is a ”critical” value
of the ratio gamma = H/E at which the perturba-
tion series for the ground state changes from hav-
ing a fixed sign (for gamma ¡ gamma(c)) to hav-
ing a variable sign (for gamma ¿ gamma(c)). This
conclusion is confirmed by direct higher-order per-
turbation calculations. The change in the asymp-
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contributions of the various complex trajectories
that describe the subbarrier motion of the elec-
trons. Here the parameter gamma(c) depends on
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fields. (C) 1998 American Institute of Physics.
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Abstract: Analytic and numerical methods for
determining the asymptotics of high-order terms
of the 1/n expansion in quantum-mechanical prob-
lems are developed. It is shown that this asymp-
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ders in 1/n-expansion is found for the problems
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expansion epsilon(k) are shown to increase as a
factorial k! a(k) at k–¿infinity. The a-parameter
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Abstract: A numerical investigation is made of
the structure of the higher orders of the 1/n ex-
pansion in problems of quantum mechanics (the
funnel and Yukawa potentials, and the Stark ef-
fect in the hydrogen atom). It is shown that the
coefficients-epsilon(k) of the 1/n expansion have a
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asymptotic form is obtained.
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Abstract: The splitting of pair interactions into
physical and spurious terms is analyzed and the
construction of exact solutions to the Faddeev
equations with centrifugal potentials is described.
The derivations of the asymptotics for three-body
wave functions and their components at triple- and
double-collision points are discussed, and essential
peculiarities of some variational and spline approx-
imations are clarified.
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Abstract: The Hartree-Fock problem in two di-
mensions (2D) has been solved for 1 less-than-or-
equal-to Z less-than-or-equal-to 24 using a Gaus-
sian basis and assuming r-1 Coulomb interactions.
The order of occupation of the one-electron states
is 1s ¡¡ 2s ¡ 2p ¡ 3s ¡ 3p ¡ 4s approximately-less-
than 3d ¡ 4p like in the 3D case. The 1s shell is
found to be particularly small and strongly bound,
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Abstract: The energy spectrum of two-
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using the shifted 1/N expansion method (N the
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leading-term approximation this approach provides
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mension d –¿ infinity. We find that the instability of
the flat phase previously demonstrated via epsilon-
expansion is towards a spin-glass-like phase which
we call the crumpled glass phase. We propose a
spin-glass order parameter that characterizes this
phase and derive the free energy which describes
the crumpled, flat and crumpled glass phases of the
disordered membrane. The crumpled glass phase is
described by local tangents which vanish on aver-
age, but display a nonzero Edwards-Anderson spin-
glass order parameter. From the saddle point equa-
tions at large d we obtain the equation of state,
phase diagram and the exponents characterizing
these phases. We estimate the effects of the higher
order corrections in the 1/d expansion by utiliz-
ing previous results for pure membranes. We use
Flory arguments to calculate the wandering expo-
nents and discuss the relevance of self-avoidance in
the crumpled glass phase.
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Abstract: The fractional-dimensional space ap-
proach is applied in the study of excitons and shal-
low impurities in semiconductor low-dimensional
systems. In this scheme, a real anisotropic semi-
conductor heterostructure in a three-dimensional
environment is treated as isotropic in an effective
fractional-dimensional space, and the value of the
fractional dimension is associated to the degree of
anisotropy of the actual three-dimensional semi-
conductor system. When a magnetic field is ap-
plied along the growth direction of the semicon-
ductor heterostructure, it introduces an additional
degree of confinement and anisotropy besides the
one imposed by the heterostructure barrier poten-
tial. The fractional dimension is then related to
the anisotropy introduced both by the heterostruc-
ture barrier potential and magnetic field. In this
work, we present results for excitons in GaAs-
(Ga,Al)As quantum wells and symmetric-coupled
double quantum wells, and shallow-impurity states
in GaAs-(Ga,Al)As quantum wells and super-
lattices under growth-direction applied magnetic
fields. Results are shown to be in good agree-
ment with available experimental measurements
and previous variational calculations.
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Abstract: The fractional-dimensional space ap-
proach is extended to study exciton and shallow-
donor states in symmetric-coupled GaAs-Ga1-
xAlxAs multiple quantum wells. In this scheme, the
real anisotropic ”exciton (or shallow donor) plus
multiple quantum well” semiconductor system is
mapped, for each exciton (or donor) state, into an
effective fractional-dimensional isotropic environ-
ment, and the fractional dimension is essentially
related to the anisotropy of the actual semiconduc-
tor system. Moreover, the fractional-dimensional
space approach was extended to include magnetic-
field effects in the study of shallow-impurity states
in GaAs-Ga1-xAlxAs quantum wells and super-
lattices. In our study, the magnetic field was ap-
plied along the growth direction of the semicon-
ductor heterostructure, and introduces an addi-
tional degree of confinement and anisotropy be-
sides the one imposed by the heterostructure bar-
rier potential. The fractional dimension is then
related to the anisotropy introduced both by
the heterostructure barrier potential and mag-
netic field. Calculations within the fractional-
dimensional space scheme were performed for the
binding energies of 1s-like heavy-hole direct exci-
ton and shallow-donor states in symmetric-coupled
semiconductor quantum wells, and for shallow-
impurity states in semiconductor quantum wells
and superlattices under growth-direction applied
magnetic fields. Fractional-dimensional theoretical
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Abstract: We present a simple implementation
of a density-dependent, zero-range interaction in
a degenerate Fermi gas using hyperspherical co-
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ordinates in the large particle number limit. The
method produces a 1D effective potential that ac-
curately describes the ground-state energy as a
function of the hyperradius of the two spin com-
ponent gas throughout the vicinity of the unitar-
ity regime. In the unitarity regime the breath-
ing mode frequency is found to limit to the non-
interacting value. A dynamical instability, similar
to the Bosenova, is predicted to be possible for a
gas containing more than three spin components,
for large, negative, two-body scattering lengths.
While the situation is less clear for the gas with
three components, collapse might also be possible.
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Abstract: The large N spectrum of the quantum
mechanical hamiltonian of two hermitean matrices
in a harmonic potential is studied in a framework
where one of the matrices is treated exactly and
the other is treated as a creation operator impu-
rity in the background of the first matrix. For the
free case, the complete set of invariant eigenstates
and corresponding energies are obtained. When
g(YM)(2) interactions are added, it is shown that
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Abstract: Some insight is offered into the di-
mensional dependence of the Wentzel-Kramers-
Brillouin (WKB) and improved-WKB approxima-
tions introduced by Steiner in connection with
hyperspherical (originally circular) quantum bil-
liards. The accuracy of every new D-dimensional
picture is estimated by examining the residues of
the spectral zeta-function poles. (C) 1995 Ameri-
can Institute of Physics.
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sion of unitary-matrix models. Phys. Rep.-Rev. Sec. Phys.
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Abstract: The general features of the 1/N ex-
pansion in statistical mechanics and quantum held
theory are briefly reviewed both from the theo-
retical and from the phenomenological point of
view as an introduction to a more detailed anal-
ysis of the large-N properties of spin and gauge
models possessing the symmetry group SU(N)x
SU(N). An extensive discussion of the known prop-
erties of the single-link integral (equivalent to
YM2 and one-dimensional chiral models) includes
finite-N results, the external field solution, prop-
erties of the determinant, and the double scal-
ing limit. Two major classes of solvable gener-
alizations are introduced: one-dimensional closed
chiral chains and models defined on a d-1 di-
mensional simplex. In both cases, large-hi solu-
tions are presented with emphasis on their dou-
ble scaling properties. The available techniques
and results concerning unitary-matrix models that
correspond to asymptotically free quantum field
theories (two-dimensional chiral models and four-
dimensional QCD) are discussed, including strong-
coupling methods, reduced formulations, and the
Monte Carlo approach. (C) 1998 Elsevier Science
B.V. All rights reserved.
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Abstract: In the limit of infinite spatial dimen-
sion D, the particles of a system become perfectly
localized at the minimum of an effective potential
surface. Perturbation theory in 1/D has been used
successfully to predict binding energies and elec-
tronic structure in the physical three-dimensional
space. For weakly bound systems which are neutral
if one particle is removed the large dimensional ap-
proach has not been applicable because the effec-
tive potential surface exhibits a saddle point rather
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than a global minimum. We show that the exten-
sion to complex dimensional scaling can theoreti-
cally handle this situation and gives good practical
estimates for the binding energies of three-particle
Coulomb systems, calculated here as an applica-
tion of the new method.
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Abstract: The dynamics of the positronium neg-
ative ion is described in a molecular adiabatic ap-
proximation. It is shown, how the classification of
the spectrum, propensity rules for radiative and
non-radiative transitions and conditions for the
occurrence of shape resonances can easily be de-
rived within this approach. Propensity rules for
two-photon processes are also derived and used to
demonstrate the possibility of an absorption ex-
periment from the ground state to excite a S-1(e)
shape resonance, which is unique to Ps(-).
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Abstract: The molecular-orbital description of
two-electron atoms [J. M. Feagin and J. S. Briggs,
Phys. Rev. A 37, 4599 (1988)], derived from H-
2+ by interchanging the roles of electrons and nu-
clei, is generalized to D dimensions. For H-2+ it-
self there exist myriad exact interdimensional de-
generacies because D –¿ D + 2 is equivalent to
m –¿ m + 1, augmenting by unity the projection
of the electronic angular momentum on the inter-
nuclear axis. When the molecular orbitals (MO’s)
are transcribed to treat two-electron motion, ad-
ditional constraints limit the exact degeneracies to
states in D = 3 and 5, but many approximate de-
generacies persist. Since the MO description em-
phasizes rotational properties of the two-electron
atom, the link between dimension and orbital an-
gular momentum is a pervasive feature. We use
this link to classify groups of quasidegenerate dou-
bly excited atomic energies and to explain striking
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Abstract: We study solutions of various quantum
mechanical eigenvalue problems using the formal-
ism of one dimensional supersymmetric quantum
mechanics. The problems studied includes among
other problems the non-polynomial oscillator and
the doubly anharmonic oscillator potentials. The
solutions obtained here are of two types - exact an-
alytical solutions and approximate solutions. The
method of obtaining exact solutions have been
shown to be general enough to be applied to a
large class of potentials. The method of obtaining
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and their accuracy have been compared with exact
numerical results.
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Abstract: It is shown that if one chooses the
shift parameter correctly then the lowest order
term in the modified I/N expansion for the Dirac
equation as formulated by Stepanov and Tutik
gives accurate results for Coulomb like potentials.
Explicit eigenvalues have been obtained for the
screened Coulomb potential V(r) = -upsilon0/r[1
- rlambda(1 - 1/z)/(1 + rlambda)] , and these are
compared with exact numerical results and the re-
sults obtained by the choice of shift suggested by
Stepanov and Tutik.
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Abstract: This paper is the continuation of a
work initiated in [P. Sablonniere, An algorithm for
the computation of Hermite-Pade approximations
to the exponential function: divided differences
and Hermite-Pade forms. Numer. Algorithms 33
(2003) 443-452] about the computation of Hermite-
Pade forms (HPF) and associated Hermite-Pade
approxintants (HPA) to the exponential function.
We present an alternative algorithm for their com-
putation, based on the representation of HPF in
terms of integral remainders with B-splines as
Peano kernels. Using the good properties of dis-
crete B-splines, this algorithm gives rise to a great
variety of representations of HPF of higher orders
in terms of HPF of lower orders, and in particu-
lar of classical Pade forms. We give some exam-
ples illustrating this algorithm, in particular, an-
other way of constructing quadratic HPF already
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described by different authors. Finally, we briefly
study a family of cubic HPF. (C) 2007 Elsevier
B.V. All rights reserved.
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Abstract: We calculate the first-order energy
shifts for the N-dimensional hydrogen atom ex-
posed to a static electric field. The results are com-
pared with numerical diagonalization of the Hamil-
tonian in a finite basis. Using simple scaling rela-
tions, we show how corrections to arbitrarily high
order may be obtained from known results for the
three-dimensional Coulomb problem.
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Abstract: in the framework of nonrelativistic
variational formalism a new type of basis set is pro-
posed, to estimate separately the effect of radial
and angular correlations on the ground-state en-
ergy for helium isoelectronic sequence H- to Ar16+.
Effect of radial correlation is incorporated by using
multiexponential functions arising from product
basis sets suitably formed out of Slater-type one-
particle orbitals. The angular correlation can be
switched on by incorporating an expansion in terms
of basis involving interparticle coordinates. With a
set of six-term Slater-type one-particle basis and
five-term interparticle expansion, the ground-state
energy of helium is estimated as -2.9037236 (a.u.)
compared with the multiterm variational estimates
-2.9037244 (a.u.) due to Pekeris and Thakkar and
Smith and Drake. Matrix elements of different op-
erators in the ground state have been calculated
and found to be in good agreement with available
accurate results. (C) 2003 Wiley Periodicals, Inc.
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Abstract: Two-dimensional QCD in the large-
N limit is formulated as a Hartree-Fock prob-
lem and solved numerically on a lattice. Calcu-
lation of single-particle wave functions and the
one-body density matrix displays the structure of
baryons. Insight into the Skyrme model is pro-
vided by showing that in the limit of small quark
mass, the baryon is accurately approximated by
a spatially varying chiral rotation of the vacuum
wave function, where the chiral angle satisfies the
sine-Gordon equation. The meson spectrum is cal-
culated in the random phase approximation. The
same mean field theory is also applied to chiral and
non-chiral Gross-Neveu models, where it agrees
with known analytical results.
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Abstract: The Heisenberg and Fisher-
information-based uncertainty relations are
improved for stationary states of single-particle
systems in a D-dimensional central potential.
The improvement increases with the squared
orbital hyperangular quantum number. The new
uncertainty relations saturate for the isotropic
harmonic oscillator wavefunction.
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Abstract: After recalling the early stages of quan-
tum chemistry, a more detailed and systematic
description of the post-war period (approx. 1945-
1960) follows. The essential features of both pi-
electron and sigma-electron eras are described: the
simplest versions as well as procedures including
electron repulsion are considered. Then attention
is paid to valence and Rydberg excited states. The
review is closed by remarks on hydrogen bonds and
other weak intermolecular interactions.
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of the optimal density of sphere packings in high dimensions.
J. Math. Phys., 49(4):15, 2008.

Abstract: The problem of finding the asymp-
totic behavior of the maximal density phi(max)
of sphere packings in high Euclidean dimensions
is one of the most fascinating and challenging
problems in discrete geometry. One century ago,
Minkowski obtained a rigorous lower bound on
phi(max) that is controlled asymptotically by
1/2(d), where d is the Euclidean space dimen-
sion. An indication of the difficulty of the prob-
lem can be garnered from the fact that exponen-
tial improvement of Minkowski’s bound has proved
to be elusive, even though existing upper bounds
suggest that such improvement should be possi-
ble. Using a statistical-mechanical procedure to op-
timize the density associated with a ”test” pair
correlation function and a conjecture concerning
the existence of disordered sphere packings [S.
Torquato and F. H. Stillinger, Exp. Math. 15, 307
(2006)], the putative exponential improvement on
phi(max) was found with an asymptotic behav-
ior controlled by 1/2((0.77865 center dot)d). Us-
ing the same methods, we investigate whether this
exponential improvement can be further improved
by exploring other test pair correlation functions
corresponding to disordered packings. We demon-
strate that there are simpler test functions that
lead to the same asymptotic result. More impor-
tantly, we show that there is a wide class of test
functions that lead to precisely the same putative
exponential improvement and therefore the asymp-
totic form 1/2((0.77865 center dot)d) is much more
general than previously surmised. This class of test
functions leads to an optimized average kissing
number that is controlled by the same asymptotic
behavior as the one found in the aforementioned
paper. (c) 2008 American Institute of Physics.
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proach for the electronic energies of the hydrogen molecular
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Abstract: Herein, we present analytical solutions
for the electronic energy eigenvalues of the hydro-
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gen molecular ion H-2(+), namely the one-electron
two-fixed-center problem. These are given for the
homonuclear case for the countable infinity of dis-
crete states when the (2)Sigma(+) states. In this
case, these solutions are the roots of a set of two
coupled three-term magnetic quantum number m
is zero, i.e., for, recurrence relations. The eigenso-
lutions are obtained from an application of exper-
imental mathematics using Computer Algebra as
its principal tool and are vindicated by numerical
and algebraic demonstrations. Finally, the mathe-
matical nature of the eigenenergies is identified. (c)
2005 Elsevier B.V. All rights reserved.

[557] G. W. Semenoff and K. Zarembo. Adjoint non-Abelian
coulomb gas at large N. Nucl. Phys. B, 480(1-2):317–337,
1996.

Abstract: The non-Abelian analog of the classical
Coulomb gas is discussed. The statistical mechan-
ics of arrays of classical particles which transform
under various representations of a non-Abelian
gauge group and which interact through non-
Abelian electric fields are considered, The problem
is formulated on the lattice and, for the case of ad-
joint charges, it is solved in the large-N limit. The
explicit solution exhibits a first-order confinement-
deconfinement phase transition with computable
properties, In one dimension, the solution has a
continuum limit which describes 1+1-dimensional
quantum chromodynamics (QCD) with heavy ad-
joint matter.

[558] A. V. Sergeev. 1/N EXPANSION FOR THE 3-BODY
PROBLEM. Soviet Journal of Nuclear Physics-Ussr,
50(4):589–592, 1989.

[559] A. V. Sergeev and D. Z. Goodson. Self-consistent field pertur-
bation theory of molecular vibrations. Mol. Phys., 93(3):477–
484, 1998.

Abstract: Perturbation theory is used to per-
form non-iterative calculations of energy eigen-
values of the coupled ordinary differential equa-
tions that result from imposing separability as-
sumptions in terms of normal coordinates on vibra-
tional wavefunctions. Various model Hamiltonians
with 2 or 3 coupled normal modes are studied and
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the increase of computational cost with the num-
ber of degrees of freedom is analysed. Quadratic
Pade approximants of the perturbation expansions
are rapidly convergent, and directly yield complex
numbers for resonance eigenvalues. For a 3-mode
system, results are obtained within partial separa-
bility assumptions, with a pair of modes left cou-
pled. Large-order perturbation theory with partial
separability is suggested as an alternative to low-
order exact perturbation theory.

[560] A. V. Sergeev and D. Z. Goodson. Semiclassical self-
consistent field perturbation theory for the hydrogen atom
in a magnetic field. Int. J. Quantum Chem., 69(2):183–192,
1998.

Abstract: A recently developed perturbation the-
ory for solving self-consistent field equations is ap-
plied to the hydrogen atom in a strong magnetic
field. This system has been extensively studied us-
ing other methods and is therefore a good test
case for the new method. The perturbation the-
ory.yields summable large-order expansions. The
accuracy of the self-consistent field approximation
varies according to field strength and quantum
state but is often higher than the accuracy from
adiabatic approximations. A new derivation is pre-
sented for the asymptotic adiabatic approximation,
the most useful of the adiabatic approaches. This
derivation uses semiclassical perturbation theory
without invoking an adiabatic hypothesis. (C) 1998
John Wiley & Sons, Inc. Int J Quant Chem 69:
183-192, 1998.

[561] A. V. Sergeev and D. Z. Goodson. Summation of asymptotic
expansions of multiple-valued functions using algebraic ap-
proximants: Application to anharmonic oscillators. J. Phys.
A-Math. Gen., 31(18):4301–4317, 1998.

Abstract: The divergent Rayleigh-Schrodinger
perturbation expansions for energy eigenvalues of
cubic, quartic, sextic and octic oscillators are
summed using algebraic approximants. These ap-
proximants are generalized Pade approximants
that are obtained from an algebraic equation of
arbitrary degree. Numerical results indicate that
given enough terms in the asymptotic expansion
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the rate of convergence of the diagonal staircase
approximant sequence increases with the degree.
Different branches of the approximants converge to
different branches of the function. The success of
the high-degree approximants is attributed to their
ability to model the function on multiple sheets of
the Riemann surface and to reproduce the correct
singularity structure in the limit of large pertur-
bation parameter. An efficient recursive algorithm
for computing the diagonal approximant sequence
is presented.

[562] A. V. Sergeev and D. Z. Goodson. Singularities of Moller-
Plesset energy functions. J. Chem. Phys., 124(9):11, 2006.

Abstract: The convergence behavior of Moller-
Plesset (MP) perturbation series is governed by
the singularity structure of the energy, with the
energy treated as a function of the perturbation
parameter. Singularity locations, determined from
quadratic approximant analysis of high-order se-
ries, are presented for a variety of atoms and small
molecules. These results can be used as bench-
marks for understanding the convergence of low-
order methods such as MP4 and for developing and
testing summation methods that model the singu-
larity structure. The positions and types of sin-
gularities confirm previous qualitative predictions
based on functional analysis of the Schrodinger
equation. (c) 2006 American Institute of Physics.

[563] A. V. Sergeev, D. Z. Goodson, S. E. Wheeler, and W. D.
Allen. On the nature of the Moller-Plesset critical point. J.
Chem. Phys., 123(6):11, 2005.

Abstract: It has been suggested [F. H. Stillinger,
J. Chem. Phys. 112, 9711 (2000)] that the conver-
gence or divergence of Moller-Plesset perturbation
theory is determined by a critical point at a nega-
tive value of the perturbation parameter z at which
an electron cluster dissociates from the nuclei.
This conjecture is examined using configuration-
interaction computations as a function of z and us-
ing a quadratic approximant analysis of the high-
order perturbation series. Results are presented for
the He, Ne, and Ar atoms and the hydrogen flu-
oride molecule. The original theoretical analysis
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used the true Hamiltonian without the approxima-
tion of a finite basis set. In practice, the singularity
structure depends strongly on the choice of basis
set. Standard basis sets cannot model dissociation
to an electron cluster, but if the basis includes dif-
fuse functions then it can model another critical
point corresponding to complete dissociation of all
the valence electrons. This point is farther from the
origin of the z plane than is the critical point for the
electron cluster, but it is still close enough to cause
divergence of the perturbation series. For the hy-
drogen fluoride molecule a critical point is present
even without diffuse functions. The basis functions
centered on the H atom are far enough from the F
atom to model the escape of electrons away from
the fluorine end of the molecule. For the Ar atom
a critical point for a one-electron ionization, which
was not previously predicted, seems to be present
at a positive value of the perturbation parameter.
Implications of the existence of critical points for
quantum-chemical applications are discussed. (C)
2005 American Institute of Physics.

[564] A. V. Sergeev and S. Kais. Variational principle for critical
parameters of quantum systems. J. Phys. A-Math. Gen.,
32(39):6891–6896, 1999.

Abstract: The variational principle for eigenvalue
problems with a nonidentity weight operator is
used to establish upper or lower bounds on critical
parameters of quantum systems. Three problems
from atomic physics are considered as examples.
Critical screening parameters for the exponentially
screened Coulomb potential are found using a trial
function with one nonlinear variational parameter.
The critical charge for the helium isoelectronic se-
ries is found using a Hylleraas-type trial function.
Finally, critical charges for the same system sub-
jected to a magnetic field are found using a product
of two hydrogen-like basis sets.

[565] P. Serra and S. Kais. Critical phenomena for electronic struc-
ture at the large-dimension limit. Phys. Rev. Lett., 77(3):466–
469, 1996.

Abstract: We show that the symmetry break-
ing of the electronic structure configurations at the
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large-D limit is completely analogous to the stan-
dard phase transitions and critical phenomena in
statistical mechanics. Electronic structure at the
large-D limit exhibits critical points with mean
field critical exponents (beta = 1/2, alpha = 0(dis),
delta = 3, and gamma = 1). The complete map-
ping is presented for the Hartree-Fock two-electron
atom in weak electric field and the two Coulomb
center problems.

[566] P. Serra and S. Kais. Multicritical phenomena for the hy-
drogen molecule at the large-dimension limit. Chem. Phys.
Lett., 260(1-2):302–308, 1996.

Abstract: We show that symmetry breaking
of the electronic structure configurations for the
Hartree-Fock hydrogen molecule at the large-
dimension limit can be described as standard phase
transitions. The phase diagram in the internuclear
distance-nuclear charge plane shows three different
stable phases corresponding to different electronic
structure configurations. This phase diagram is
characterized by a bicritical point where the two
continuous phase transition lines join a first order
transition line.

[567] P. Serra and S. Kais. Mean field phase diagrams for one-
electron molecules. J. Phys. A-Math. Gen., 30(5):1483–1493,
1997.

Abstract: We describe a simple model for symme-
try breaking of electronic structure configurations
of one-electron,systems, This model involves gen-
eralizing the problem to D-dimensional space and
finding the solution at D –¿ infinity, a semiclassi-
cal limit which can be solved exactly. The large-D
limit model reduces the problem to a variational
calculation which is equivalent to mean-field the-
ories of critical phenomena in statistical mechan-
ics. We show that symmetry breaking of electronic
structure configurations can be described as stan-
dard phase transitions. Rich phase diagrams with
multicritical points are reported for both linear and
planar one-electron systems.

[568] P. Serra and S. Kais. Phase transitions for N-electron atoms
at the large-dimension limit. Phys. Rev. A, 55(1):238–247,
1997.
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Abstract: Symmetry breaking of electronic struc-
ture configurations for N-electron atoms in weak
magnetic and electric fields at the large-dimension
limit is described in terms of standard phase tran-
sitions. This symmetry breaking, which leads to
ionization, is completely analogous to phase tran-
sitions and critical phenomena in statistical me-
chanics. This analogy is shown by allowing the nu-
clear charge to play a role analogous to tempera-
ture in statistical mechanics. For the exact solu-
tion of N-electron atoms at the large-dimension
limit, the symmetry breaking is shown to be a
first-order phase transition. For the special case
of two-electron atoms, the first-order transition
shows a triple point where three phases with differ-
ent symmetry coexist. Treatment of the Hartree-
Fock solution reveals a different kind of symme-
try breaking where second-order phase transitions
exist for N=2. We show that Hartree-Fock two-
electron atoms in a weak external electric field ex-
hibit a critical point with mean field critical expo-
nents (beta = 1/2, alpha = 0(dis), delta = 3, and
gamma = 1).

[569] P. Serra, S. Kais, and J. P. Neirotti. Finite-size scaling
method for the stability of atomic and molecular ions. Phys-
ica A, 283(1-2):65–73, 2000.

Abstract: Phase transitions at absolute: zero
temperature can take place as some parameter in
the Hamiltonian of the system is varied. For the
Hamiltonian of N-electron atoms, this parameter
is taken to be the nuclear charge. As the nuclear
charge reaches a critical point, the quantum ground
state changes its characters from being bound to
being degenerate or absorbed by a continuum. We
describe the large-dimension approximation and
the finite-size scaling method to calculate the crit-
ical nuclear charge for which an atom can bind an
extra electron to form a stable negative ion. Re-
sults show that, aa most, only one electron can be
added to a free atom in the gas phase. The exis-
tence of doubly charged atomic negative ions in a
strong magnetic field will be discussed. (C) 2000
Elsevier Science B.V. All rights reserved.
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[570] R. Sever and C. Tezcan. 1/N EXPANSION FOR A MORE
GENERAL SCREENED COULOMB POTENTIAL. Phys.
Rev. A, 36(3):1045–1049, 1987.
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TENTIAL. Phys. Rev. A, 37(8):3158–3161, 1988.

[573] S. Shaik. The Lewis legacy: The chemical bond - A territory
and heartland of chemistry. J. Comput. Chem., 28(1):51–61,
2007.

Abstract: Is chemistry a science without a terri-
tory? I argue that ”chemical bonding” has been a
traditional chemical territory ever since the chem-
ical community amalgamated in the seventeenth
century, and even before. The modem charter of
this territory is Gilbert Newton Lewis, who started
the ”electronic structure revolution in chemistry.”
As a tribute to Lewis, I describe here three of his
key papers from the years 1913, 1916, and 1923,
and analyze them. Lewis has defined the quantum
unit, the ”electron pair bond,” for construction of
a chemical universe, and in so doing he charted
a vast chemical territory and affected most pro-
foundly the mental map of chemistry for genera-
tions ahead. Nevertheless, not all is known about
the chemical bond” the chemical territory is still
teaming with new and exciting problems of in new
materials, nanoparticles, quantum dots, metalloen-
zymes, bonding at surface-vapor interfaces, and so
on and so forth. (C) 2006 Wiley Periodicals, Inc.

[574] N. L. Sharma and M. H. Lee. WAVE VECTOR DEPEN-
DENT SUSCEPTIBILITY OF A FREE-ELECTRON GAS
IN D-DIMENSIONS AND THE SINGULARITY AT 2KF.
J. Math. Phys., 27(6):1618–1623, 1986.

[575] Q. C. Shi and S. Kais. Finite size scaling for critical param-
eters of simple diatomic molecules. Mol. Phys., 98(19):1485–
1493, 2000.

Abstract: We use the finite size scaling method to
study the critical points, points of non-analyticity,
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of the ground state energy as a function of the cou-
pling parameters in the Hamiltonian. In this ap-
proach, the finite size corresponds to the number of
elements in a complete basis set used to expand the
exact eigenfunction of a given molecular Hamilto-
nian. To illustrate this approach, we give detailed
calculations for systems of one electron and two
nuclear centres, Z(+)e(+)Z(+). Within the Born-
Oppenheimer approximation, there is no critical
point, but without the approximation the system
exhibits a critical point at Z = Z(c) = 1.228 279
when the nuclear charge, Z, varies. We show also
that the dissociation occurs in a first- order phase
transition and calculate the various related critical
exponents. The possibility of generalizing this ap-
proach to larger molecular systems using Gaussian
basis sets is discussed.

[576] Q. C. Shi and S. Kais. Quantum criticality at the large-
dimensional limit: Three-body coulomb systems. Int. J.
Quantum Chem., 85(4-5):307–314, 2001.

Abstract: We present quantum phase transitions
and critical phenomena at the large-dimension (D)
limit for three-body ABA Coulomb systems with
charges (Q, q, Q) and masses (M, m, M). The
Hamiltonian depends linearly on two parameters
lambda = Q/q and k = [1 + (m/M)](-1). The sys-
tem exhibits critical points with mean field crit-
ical exponents (alpha = 0, beta = 1/2, delta =
3, gamma = 1). We calculate the critical curve
lambda (c) (kappa) through which all systems un-
dergo a continuous-phase transition from the sym-
metrical configuration, the two like particles have
the same distance from the reference particle, to
the unsymmetrical phase. The critical curve at D
–¿ infinity limit is a convex function of kappa and
very similar to the one obtained at D = 3 with vari-
ational calculations. We also calculated the line of
zero angular correlation in the mass polarization
term, which separates the symmetrical phase to
an atom-like region and a molecule-like region. (C)
2001 John Wiley & Sons, Inc.

[577] Q. C. Shi, S. Kais, and D. R. Herschbach. Electron
localization-delocalization transitions in dissociation of the
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C-4(-) anion: A large-D analysis. J. Chem. Phys.,
120(5):2199–2207, 2004.

Abstract: We present a study, employing high
level ab initio methods, of electron localization-
delocalization transitions along the dissociation
path of the C-4(-) anion to C-2 and C-2(-). We find
that at the equilibrium geometry, the symmetrical
and nonsymmetrical configurations of the linear C-
4(-) anion are almost isoenergetic. However, along
a collinear dissociation path, the dipole moment
drops abruptly to zero when the separation be-
tween the two middle carbon nuclei reaches about
R=2.15 Angstrom. The dipole moment remains
zero until about R=2.78 Angstrom, and then con-
tinuously increases as dissociation proceeds. This
behavior is analogous to critical phenomena: The
abrupt drop to zero of the dipole moment resembles
a first-order phase transition, the later steady rise
resembles a continuous phase transition. We show
that a simple sub-Hamiltonian model, correspond-
ing to the large-dimension limit for an electron in
the field of four collinear carbon atoms, exhibits
both kinds of phase transitions along the dissocia-
tion path. (C) 2004 American Institute of Physics.

[578] Q. C. Shi, S. Kais, F. Remacle, and R. D. Levine. On the
crossing of electronic energy levels of diatomic molecules at
the large-D limit. J. Chem. Phys., 114(22):9697–9705, 2001.

Abstract: Analytical and numerical results are
presented for the intersection of electronic energies
of the same space symmetry for electrons in the
field of two Coulomb centers in D-dimensions. We
discuss why such crossings are allowed and may
be less ”exceptional” than one could think because
even for a diatomic molecule there is more than
one parameter in the electronic Hamiltonian. For
a one electron diatomic molecule at the large-D
limit, the electronic energies are shown analytically
to diverge quadratically from the point of their in-
tersection. The one electron two Coulomb centers
problem allows a separation of variables even when
the charges on the two centers are not equal. The
case of two electrons, where their Coulombic re-
pulsion precludes an exact symmetry, is therefore
treated in the large-D limit. It is then found that,
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in addition to the quadratic intersection, there is
also a curve crossing where the energies diverge lin-
early. (C) 2001 American Institute of Physics.

[579] A. Simoes. In between worlds: G.N. Lewis, the shared
pair bond and its multifarious contexts. J. Comput. Chem.,
28(1):62–72, 2007.

Abstract: In this paper, I will look at the rather
convoluted discovery process which gave birth to
the concept of the shared electron pair bond as
developed by G.N. Lewis, to be subsequently ap-
propriated by the American founders of quan-
tum chemistry, and highlight the complex relations
between conceptual development and the differ-
ent contexts in which ideas are created and pre-
sented. I will show how the successive installments
of Lewis’s model of the chemical bond were sup-
ported by and gained credence from an epistemo-
logical background in which Lewis explored the re-
lations of chemistry to physics. Furthermore, they
were shaped by the changing public contexts in
which the successive metamorphoses of the ideas
took place and their epistemological background
was outlined and explored. The complexities which
are always associated with a discovery process can
therefore be illuminated if one pays attention to
different interactive realms-the conceptual, episte-
mological, and the presentational one. (C) 2006
Wiley Periodicals, Inc.

[580] B. Simon. LARGE ORDERS AND SUMMABILITY OF
EIGENVALUE PERTURBATION-THEORY - A MATHE-
MATICAL OVERVIEW. Int. J. Quantum Chem., 21(1):3–
25, 1982.

[581] A. Sinha, R. Roychoudhury, and Y. P. Varshni. Shifted 1/N
expansion for confined quantum systems. Can. J. Phys.,
78(2):141–152, 2000.

Abstract: In this paper we formulate the shifted
1/N expansion method for constrained quantum
mechanical systems with spherically symmetric po-
tentials. As an example, we apply our technique
to the confined Hulthen potential V(r) = -Z delta
e(-delta r)/1-e(-delta r) for different values of the
confinement parameter b and the screening param-
eter delta. It is found that the agreement between
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our results and the exact numerical values is rea-
sonably good.

[582] M. Sinharoy, R. S. Gangopadhyay, and B. Duttaroy. LOW-
ENERGY POTENTIAL SCATTERING AND THE LIMIT
OF LARGE DIMENSIONALITY. J. Phys. A-Math. Gen.,
17(13):L687–L690, 1984.

[583] H. Stahl. Quadratic Hermite-Pade polynomials associ-
ated with the exponential function. J. Approx. Theory,
125(2):238–294, 2003.

Abstract: The asymptotic behavior of quadratic
Hermite-Pade polynomials p(n), q(n), r(n) is an el-
ement of P-n associated with the exponential func-
tion is studied for n–¿infinity. These polynomials
are defined by the relation p(n)(z) + q(n)(z)e(z)
+ r(n)(z)e(2z) = O(z(3n+2)) as z –¿ 0, (*) where
O((.)) denotes Landau’s symbol. In the investiga-
tion analytic expressions are proved for the asymp-
totics of the polynomials, for the asymptotics of
the remainder term in (*), and also for the arcs on
which the zeros of the polynomials and of the re-
mainder term cluster if the independent variable z
is rescaled in an appropriate way. The asymptotic
expressions are defined with the help of an alge-
braic function of third degree and its associated
Riemann surface. Among other possible applica-
tions, the results form the basis for the investiga-
tion of the convergence of quadratic Hermite-Pade
approximants, which will be done in a follow-up
paper. (C) 2003 Elsevier Inc. All rights reserved.

[584] S. S. Stepanov and R. S. Tutik. A NEW 1/N-EXPANSION
PROCEDURE. Zhurnal Eksperimentalnoi Teor. Fiz.,
100(2):415–421, 1991.

Abstract: An effective method is developed for
calculating the 1/N-expansion coefficients of arbi-
trary high orders both for the ground and radi-
ally excited states of the discrete spectrum of the
Schrodinger equation. The method is based on the
semiclassical interpretation of the 1/N-expansion.
The explicit application of the expansion over the
Planck’s constant clarifies the cause of the comple-
mentarity in the 1/N-approach and WKB approxi-
mation. The transition to the Riccati equation and
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h-expansion allows to apply the quantization con-
dition for involving thte wavefunction nodes, what
results in the simple recursive relations. In the ex-
ample of the funnel - shaped potential the calcula-
tions are given for the first ten coefficients in the
1/n-expansion scheme for energy with the various
values of the orbital and radial quantum numbers.

[585] S. S. Stepanov and R. S. Tutik. A NEW TECHNIQUE FOR
DERIVING THE LARGE-N SOLUTION OF THE KLEIN-
GORDON EQUATION. J. Phys. A-Math. Gen., 24(9):L469–
L474, 1991.

Abstract: A new procedure for deriving the en-
ergy values of the Klein-Gordon equation with
a potential having both scalar and vector com-
ponents is described. Using the h-expansion and
the quantization condition recursion formulae were
obtained which can readily be applied to any
1/N-expansion scheme. These formulae have sim-
ple structures both for background and excited
states and provide, in principle, the calculation
of 1/N-corrections up to an arbitrary order. Con-
trary to the methods elaborated formerly our tech-
nique does not involve converting the initial equa-
tion to the shortened, Schrodinger-like form. For
the Coulomb potential the solutions of the Klein-
Gordon and shortened equations are compared.

[586] S. S. Stepanov and R. S. Tutik. 1/N-EXPANSION FOR THE
KLEIN-GORDON EQUATION. Zhurnal Eksperimentalnoi
Teor. Fiz., 101(1):18–25, 1992.

Abstract: An effective method for calculating the
1/N-expansion coefficients for the discrete spec-
trum of the Klein - Gordon equation is devel-
oped. Based on the use of the h-expansion and
quantization conditions, the method leads to the
simple recurrence formulae which allow to derive
the coefficients of arbitrary high orders both for
the ground and radially excited states. As an ex-
ample, the calculations of the energy eigenvalues
for the Coulomb interaction and the funnel-shaped
potential are considered within the 1/n-expansion
scheme.
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[587] S. S. Stepanov and R. S. Tutik. A NEW APPROACH TO
THE 1/N-EXPANSION FOR THE DIRAC-EQUATION.
Phys. Lett. A, 163(1-2):26–31, 1992.

Abstract: The difficulties associated with the ap-
plication of the 1/N-expansion to the Dirac equa-
tion have been resolved by applying the method of
HBAR-expansion. This technique does not involve
converting the initial equation into a Schrodinger-
like or Klein-Gordon-like form. Obtained recur-
rence formulae have a simple form both for the
ground and excited states, and allow one to find
the 1/N-corrections of an arbitrary order in any of
the 1/N-expansion schemes. The method restores
the exact results for the Coulomb potential.

[588] S. S. Stepanov and R. S. Tutik. EXPANSION
WITH RESPECT TO H FOR BOUND-STATES OF
THE SCHRODINGER-EQUATION. Theor. Math. Phys.,
90(2):139–145, 1992.

Abstract: A WKB-complementing hBAR expan-
sion for bound states of the radial Schrodinger
equation is discussed. A recursive method for cal-
culating the quantum corrections of any order to
the energy of the classical motion is presented.
The use of quantization conditions makes it possi-
ble to write down recursion relations in an equally
simple form for the ground and radially excited
states. The connection between the approach and
the 1/N expansion is considered. It is shown that
the method can also be used for analysis in the
(l, E) plane in the form of a hBAR expansion for
Regge trajectories.

[589] F. H. Stillinger. AXIOMATIC BASIS FOR SPACES WITH
NON-INTEGER DIMENSION. J. Math. Phys., 18(6):1224–
1234, 1977.

[590] F. H. Stillinger. PLANCKS-CONSTANT EXPANSIONS
FOR BOUND-STATES. Phys. Rev. A, 43(7):3317–3324,
1991.

Abstract: Planck’s constant h is a fundamental
physical parameter that establishes the scale of
quantum phenomena. Bound-state energy eigen-
values for several well-known systems (e.g., har-
monic oscillators, Morse oscillators, and square-
well potentials) are formally analytic functions of
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h in the neighborhood of h = 0, and any ”physi-
cal” state can be reached in principle by analytic
continuation. This paper explores the possibility
of developing power series in h for atomic and
molecular energies, with analytic continuation to
access physical states. For this purpose it is neces-
sary to modify Coulomb interactions at short range
to keep the potential bounded below. As a result
the h expansions appear naturally as Rayleigh-
Schrodinger perturbation series in anharmonicity
about collective harmonic-oscillator states. Physi-
cal eigenvalues emerge in the strong-coupling limit,
and Pade approximants seem to be analytical tools
well suited for entering the regime. Some basic im-
plementation details are presented for application
to the modified hydrogen atom, the two-electron
isoelectronic atomic sequence, and many-electron
atoms.

[591] U. Sukhatme and T. Imbo. SHIFTED 1/N EX-
PANSIONS FOR ENERGY EIGENVALUES OF THE
SCHRODINGER-EQUATION. Phys. Rev. D, 28(2):418–420,
1983.

[592] U. P. Sukhatme, B. M. Lauer, and T. D. Imbo. POTENTIAL
SCATTERING AND LARGE-N EXPANSIONS. Phys. Rev.
D, 33(4):1166–1173, 1986.

[593] J. H. Summerfield, G. S. Beltrame, and J. G. Loeser. A
simple model for understanding electron correlation methods.
J. Chem. Educ., 76(10):1430–1438, 1999.

[594] J. H. Summerfield and J. G. Loeser. Dimension-dependent
two-electron Hamiltonian matrix elements. J. Math. Chem.,
25(2-3):309–315, 1999.

Abstract: Since the birth of quantum mechan-
ics the ground state electronic energy of the two-
electron atom has received special attention. This
is because the two-electron system is the sim-
plest atom to include electron-electron interac-
tions. These interactions are key to understand-
ing many-electron systems. This paper adds to
the knowledge of two-electron atoms by present-
ing closed form solutions for Hamiltonian ma-
trix elements at arbitrary spatial dimension, D.
The basis functions are the D-dependent hydro-
genic wavefunctions: 1s(2),2p(2),3d(2),4f(2). The
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electron-electron repulsion integrals are solved by
the Fourier integral transform.

[595] S. M. Sung and D. R. Herschbach. HIDDEN SYMMETRY
AND EXPLICIT SPHEROIDAL EIGENFUNCTIONS OF
THE HYDROGEN-ATOM. J. Chem. Phys., 95(10):7437–
7448, 1991.

Abstract: The Schrodinger equation for a hydro-
genic atom is separable in prolate spheroidal co-
ordinates, as a consequence of the ”hidden sym-
metry” stemming from the fixed spatial orienta-
tion of the classical Kepler orbits. One focus is at
the nucleus and the other a distance R away along
the major axis of the elliptic orbit. The separa-
tion constant-alpha is not an elementary function
of Z or R or quantum numbers. However, for given
principal quantum number n and angular momen-
tum projection m, the allowed values of alpha and
corresponding eigenfunctions in spheroidal coordi-
nates are readily obtained from a secular equa-
tion of order n - m. We evaluate alpha(n,m;ZR)
and the coefficients g(l) (alpha) that specify the
spheroidal eigenfunctions as hybrids of the famil-
iar nlm¿ hydrogen-atom states with fixed n and m
but different l values. Explicit formulas and plots
are given for alpha and g(l) and for the probability
distributions derived from the hybrid wave func-
tions, SIGMA(l)g(l) (alpha)nlm¿), for all states up
through n = 4. In the limit R –¿ infinity these
hybrids become the solutions in parabolic coordi-
nates, determined simply by geometrical Clebsch-
Gordan coefficients that account for conservation
of angular momentum and the hidden symmetry.
We also briefly discuss some applications of the
spheroidal eigenfunctions, particularly to exact an-
alytic solutions of two-center molecular orbitals for
special values of R and the nuclear charge ratio
Z(a)/Z(b).

[596] S. M. Sung and J. M. Rost. CHEMICAL-BINDING FROM
THE INFINITE DIMENSIONAL LIMIT. J. Phys. Chem.,
97(10):2479–2483, 1993.

Abstract: The electronic structure of molecules
calculated in the limit of infinite spatial dimen-
sions is related to properties in three-dimensional
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space. In the spirit of the electrostatic theorem,
we introduce the concept of antibinding and bind-
ing regions to visualize chemical binding. In addi-
tion, criteria are developed to determine the ionic
or covalent character of the bond. The computa-
tional effort requires only the minimization of a
multidimensional potential surface at the infinite
dimensional limit, yet detailed information can be
extracted. Numerical examples are given for the
one-electron diatomic molecule.

[597] A. A. Suvernev and D. Z. Goodson. Dimensional perturba-
tion theory for vibration-rotation spectra of linear triatomic
molecules. J. Chem. Phys., 107(11):4099–4111, 1997.

Abstract: A very efficient large-order perturba-
tion theory is formulated for the nuclear motion of
a linear triatomic molecule. All coupling between
vibration and rotation is included. To demonstrate
the method, all of the experimentally observed ro-
tational energies, with values of J almost up to 100,
for the ground and first excited vibrational states
of CO2 and for the ground vibrational states of
N2O and of OCS are calculated. The perturbation
expansions reported here are rapidly convergent.
The perturbation parameter is D-1/2, where D is
the dimensionality of space. Increasing D is quali-
tatively similar to increasing the angular momen-
tum quantum number J. Therefore, this approach
is especially suited for states with high rotational
excitation. The computational cost of the method
scales only in proportion to JN(nu)(5/3), where N-
nu is the size of the vibrational basis set. (C) 1997
American Institute of Physics.

[598] A. Svidzinsky, G. Chen, S. Chin, M. Kim, D. X. Ma,
R. Murawski, A. Sergeev, M. Scully, and D. Herschbach.
Bohr model and dimensional scaling analysis of atoms and
molecules. Int. Rev. Phys. Chem., 27(4):665–723, 2008.

Abstract: It is generally believed that the old
quantum theory, as presented by Niels Bohr in
1913, fails when applied to few electron systems,
such as the H-2 molecule. Here we review recent
developments of the Bohr model that connect it
with dimensional scaling procedures adapted from
quantum chromodynamics. This approach treats
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electrons as point particles whose positions are de-
termined by optimizing an algebraic energy func-
tion derived from the large-dimension limit of the
Schrodinger equation. The calculations required
are simple yet yield useful accuracy for molecular
potential curves and bring out appealing heuris-
tic aspects. We first examine the ground elec-
tronic states of H-2, HeH, He-2, LiH, BeH and
Li-2. Even a rudimentary Bohr model, employ-
ing interpolation between large and small inter-
nuclear distances, gives good agreement with po-
tential curves obtained from conventional quan-
tum mechanics. An amended Bohr version, aug-
mented by constraints derived from Heitler-London
or Hund-Mulliken results, dispenses with interpo-
lation and gives substantial improvement for H-2
and H-3. The relation to D-scaling is emphasized.
A key factor is the angular dependence of the Jaco-
bian volume element, which competes with inter-
electron repulsion. Another version, incorporating
principal quantum numbers in the D-scaling trans-
formation, extends the Bohr model to excited S
states of multielectron atoms. We also discuss kin-
dred Bohr-style applications of D-scaling to the H
atom subjected to superstrong magnetic fields or
to atomic anions subjected to high frequency, su-
perintense laser fields. In conclusion, we note cor-
respondences to the prequantum bonding models
of Lewis and Langmuir and to the later resonance
theory of Pauling, and discuss prospects for joining
D-scaling with other methods to extend its utility
and scope.

[599] A. A. Svidzinsky, S. A. Chin, and M. O. Scully. Model of
molecular bonding based on the Bohr-Sommerfeld picture of
atoms. Phys. Lett. A, 355(4-5):373–377, 2006.

Abstract: We develop a model of molecular bind-
ing based on the Bohr-Sommerfeld description of
atoms together with a constraint taken from con-
ventional quantum mechanics. The model can de-
scribe the binding energy curves of H-2, H-3 and
other molecules with striking accuracy. Our ap-
proach treats electrons as point particles with po-
sitions determined by extrema of an algebraic en-
ergy function. Our constrained model provides a
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physically appealing, accurate description of multi-
electron chemical bonds. (c) 2006 Elsevier B.V. All
rights reserved.

[600] A. A. Svidzinsky, M. O. Scully, and D. R. Herschbach. Sim-
ple and surprisingly accurate approach to the chemical bond
obtained from dimensional scaling. Phys. Rev. Lett., 95(8):4,
2005.

Abstract: We present a new dimensional scaling
transformation of the Schrodinger equation for the
two electron bond. This yields, for the first time, a
good description of the bond via D scaling. There
also emerges, in the large-D limit, an intuitively
appealing semiclassical picture, akin to a molecu-
lar model proposed by Bohr in 1913. In this limit,
the electrons are confined to specific orbits in the
scaled space, yet the uncertainty principle is main-
tained. A first-order perturbation correction, pro-
portional to 1/D, substantially improves the agree-
ment with the exact ground state potential energy
curve. The present treatment is very simple math-
ematically, yet provides a strikingly accurate de-
scription of the potential curves for the lowest sin-
glet, triplet, and excited states of H-2. We find the
modified D-scaling method also gives good results
for other molecules. It can be combined advanta-
geously with Hartree-Fock and other conventional
methods.

[601] A. A. Svidzinsky, M. O. Scully, and D. R. Herschbach. Bohr’s
1913 molecular model revisited. Proc. Natl. Acad. Sci. U. S.
A., 102(34):11985–11988, 2005.

Abstract: It is generally believed that the old
quantum theory, as presented by Niels Bohr in
1913, fails when applied to few electron systems,
such as the H-2 molecule. Here, we find previ-
ously undescribed solutions within the Bohr the-
ory that describe the potential energy curve for
the lowest singlet and triplet states of H-2 about
as well as the early wave mechanical treatment of
Heitler and London. We also develop an interpola-
tion scheme that substantially improves the agree-
ment with the exact ground-state potential curve
of H-2 and provides a good description of more
complicated molecules such as LiH, Li-2, BeH, and
He-2.
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[602] K. Szalewicz, K. Patkowski, and B. Jeziorski. Intermolec-
ular interactions via perturbation theory: From diatoms to
biomolecules. In Intermolecular Forces and Clusters Ii, vol-
ume 116 of Structure and Bonding, pages 43–117. Springer-
Verlag Berlin, Berlin, 2005.

[603] R. Szmytkowski. Closed forms of the Green’s function and
the generalized Green’s function for the Helmholtz operator
on the N-dimensional unit sphere. J. Phys. A-Math. Theor.,
40(5):995–1009, 2007.

Abstract: The Green’s function for the Helmholtz
differential operator del(2) +lambda(lambda+N -
1) on the N-dimensional (with N ¿= 1) hyperspher-
ical surface S-N of unit radius is investigated. Its
closed form is shown to be G((N))(lambda; n, n’)
= pi/(N - 1)S-N sin (pi lambda) C-lambda(((N-
1)/2)) (-n (.) n’), where S-N is the area of S-N,
C-lambda((alpha)). (x) is the Gegenbauer func-
tion of the first kind, while n and n’ are ra-
dius vectors, with respect to the centre of S-
N, of the observation and source points, respec-
tively. The Green’s function G((N))(lambda; n,
n’) fails to exist whenever. is such that it holds
that lambda(lambda + N - 1) = L(L + N -
1), with L is an element of N. For these excep-
tional cases, the generalized (known also as ’mod-
ified’ or ’reduced’) Green’s function G(L)((N)) (n,
n’) is considered. It is shown that G(L)((N)) (n,
n’) may be expressed compactly in terms of the
Gegenbauer polynomial C-L((( N- 1)/ 2)) (n (.)
n’) and the derivative [6C(lambda)((N-1)/2)) (-
n (.) n’)/6 lambda](lambda=L). Explicit expres-
sions for the derivatives [6C(lambda)((n)) (x)/6
lambda](lambda=L) and [6C(lambda)((n+1/2))
(x)/6 lambda](lambda=L), with n is an element of
N, are found and used to transform the functions
G(L)((2n+1)) (n, n’) and G(L)((2n+2)) (n, n’) to
potentially more useful forms.

[604] A. Z. Tang and F. T. Chan. SHIFTED 1/N EXPAN-
SION FOR THE HULTHEN POTENTIAL. Phys. Rev. A,
35(2):911–914, 1987.

[605] G. Tanner, K. Richter, and J. M. Rost. The theory of two-
electron atoms: between ground state and complete fragmen-
tation. Rev. Mod. Phys., 72(2):497–544, 2000.
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Abstract: Since the first attempts to calculate
the helium ground state in the early days of Bohr-
Sommerfeld quantization, two-electron atoms have
posed a series of unexpected challenges to theoret-
ical physics. Despite the seemingly simple problem
of three charged particles with known interactions,
it took more than half a century after quantum
mechanics was established to describe the spectra
of two-electron atoms satisfactorily. The evolution
of the understanding of correlated two-electron dy-
namics and its importance for doubly excited res-
onance states is presented here, with an emphasis
on the concepts introduced. The authors begin by
reviewing the historical development and summa-
rizing the progress in measuring the spectra of two-
electron atoms and in calculating them by solving
the corresponding Schrodinger equation numeri-
cally. They devote the second part of the review
to approximate quantum methods, in particular
adiabatic and group-theoretical approaches. These
methods explain and predict the striking regular-
ities of two-electron resonance spectra, including
propensity rules for decay and dipole transitions of
resonant states. This progress was made possible
through the identification of approximate dynami-
cal symmetries leading to corresponding collective
quantum numbers for correlated electron-pair dy-
namics. The quantum numbers are very different
from the independent particle classification, suit-
able for low-lying states in atomic systems. The
third section of the review describes modern semi-
classical concepts and their application to two-
electron atoms. Simple interpretations of the ap-
proximate quantum numbers and propensity rules
can be given in terms of a few key periodic orbits of
the classical three-body problem. This includes the
puzzling existence of Rydberg series for electron-
pair motion. Qualitative and quantitative semiclas-
sical estimates for doubly excited states are ob-
tained for both regular and chaotic classical two-
electron dynamics using modern semiclassical tech-
niques. These techniques set the stage for a theoret-
ical investigation of the regime of extreme excita-
tion towards the three-body breakup threshold. To-
gether with periodic orbit spectroscopy, they sup-
ply new tools for the analysis of complex experi-
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mental spectra.

[606] C. Tezcan and R. Sever. A General Approach for the Exact
Solution of the Schrodinger Equation. Int. J. Theor. Phys.,
48(2):337–350, 2009.

Abstract: The Schrodinger equation is solved ex-
actly for some well known potentials. Solutions
are obtained reducing the Schrodinger equation
into a second order differential equation by us-
ing an appropriate coordinate transformation. The
Nikiforov-Uvarov method is used in the calcula-
tions to get energy eigenvalues and the correspond-
ing wave functions.

[607] K. W. Thompson. DETERMINATION OF GROUND-
STATE OF 3-BODY SYSTEMS. Phys. Rev. A, 17(5):1583–
1591, 1978.

[608] O. I. Tolstikhin and M. Matsuzawa. Exploring the separa-
bility of the three-body Coulomb problem in hyperspherical
elliptic coordinates. Phys. Rev. A, 63(6):23, 2001.

Abstract: An approximate symmetry of the
three-body Coulomb problem which reveals itself
via approximate separability of the hyperspher-
ical adiabatic (HSA) eigenvalue problem in hy-
perspherical elliptic (HSE) coordinates (eta, xi)
and thus is intimately related to the HSA ap-
proximation is discussed. The additional integral
of motion responsible for this separability is spe-
cific to the Coulomb interaction and generalizes the
Laplace-Runge-Lentz vector known from the two-
body Coulomb problem and the integral of sepa-
ration constant of the two-center Coulomb prob-
lem. In the zeroth approximation, this symmetry
leads to a completely separable representation of
the three-body wave function, where each state
is labeled by a pair of HSE quantum numbers
(n(eta), n(xi)) that generalize the spheroidal quan-
tum numbers for diatomic molecules, on the one
hand, and the Herrick-Lin quantum numbers for
two-electron atoms, on the other. This approxima-
tion is illustrated by calculations for a number of
three-body Coulomb systems for states with zero
total angular momentum. Taking into account the
nonadiabatic couplings as well as the nonseparable
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part of the Coulomb potential by mixing a few sep-
arable states permits one to obtain accurate results
for systems with arbitrary masses and charges of
particles and for a wide spectrum below the three-
body breakup threshold.

[609] E. Toprak and O. T. Turgut. Large N limit of SO(N) scalar
gauge theory. J. Math. Phys., 43(3):1340–1352, 2002.

Abstract: In this paper we study the large N-c
limit of SO(N-c) gauge theory coupled to a real
scalar field following ideas of Rajeev [Int. J. Mod.
Phys. A 9, 5583 (1994)]. We will see that the
phase space of this resulting classical theory is
Sp(1)(H)/U(H+) which is the analog of the Siegel
disk in infinite dimensions. The linearized equa-
tions of motion give us a version of the well-known
’t Hooft equation of two dimensional quantum
chromodynamics. (C) 2002 American Institute of
Physics.

[610] S. Torquato and F. H. Stillinger. Exactly solvable dis-
ordered sphere-packing model in arbitrary-dimensional Eu-
clidean spaces. Phys. Rev. E, 73(3):8, 2006.

Abstract: We introduce a generalization of the
well-known random sequential addition (RSA) pro-
cess for hard spheres in d-dimensional Euclidean
space R-d. We show that all of the n-particle cor-
relation functions of this nonequilibrium model,
in a certain limit called the ”ghost” RSA pack-
ing, can be obtained analytically for all allowable
densities and in any dimension. This represents
the first exactly solvable disordered sphere-packing
model in an arbitrary dimension. The fact that the
maximal density phi(infinity)=1/2(d) of the ghost
RSA packing implies that there may be disordered
sphere packings in sufficiently high d whose den-
sity exceeds Minkowski’s lower bound for Bravais
lattices, the dominant asymptotic term of which
is 1/2(d). Indeed, we report on a conjectural lower
bound on the density whose asymptotic behavior is
controlled by 2(-(0.778 65...)d), thus providing the
putative exponential improvement on Minkowski’s
100-year-old bound. Our results suggest that the
densest packings in sufficiently high dimensions
may be disordered rather than periodic, implying

158



the existence of disordered classical ground states
for some continuous potentials.

[611] C. A. Traynor and D. Z. Goodson. DIMENSIONAL
SCALING FOR H-2(+) WITHOUT THE BORN-
OPPENHEIMER APPROXIMATION. J. Phys. Chem.,
97(10):2464–2466, 1993.

Abstract: The standard dimensional continua-
tion of the Schrodinger equation, in which the ki-
netic energy is generalized to arbitrary D, while the
potential energy is left unchanged, leads to disso-
ciation of H-2+ in the limit of large D if the nuclei
are allowed to move freely. In general, the definition
chosen for the D-dimensional Schrodinger equation
is arbitrary as long as the correct equation results
at D = 3. We propose a mild dimension dependence
for the potential of the internuclear repulsion. This
yields a stable and physically reasonable chemical
bond in the limit D –¿ infinity and can therefore
be used as the starting point for a dimensional per-
turbation theory without the Born-Oppenheimer
approximation.

[612] D. F. T. Tuan. DOUBLE PERTURBATION THEORY FOR
HE-LIKE SYSTEMS. J. Chem. Phys., 50(6):2740–&, 1969.

[613] R. S. Tutik. EXACT SOLUTION OF THE N-
DIMENSIONAL GENERALIZED DIRAC-COULOMB
EQUATION. J. Phys. A-Math. Gen., 25(8):L413–L417,
1992.

Abstract: An exact solution to the bound state
problem for the N-dimensional generalized Dirac-
Coulomb equation, whose potential contains both
the Lorentz-vector and Lorentz-scalar terms of the
Coulomb form, is obtained.

[614] V. M. Vainberg, V. A. Gani, and A. E. Kudryavtsev. High-
order perturbation theory for the hydrogen atom in a mag-
netic field. J. Exp. Theor. Phys., 86(2):305–311, 1998.

Abstract: The states of a hydrogen atom with
principal quantum numbers n less than or equal to
3 in a constant uniform magnetic field H are stud-
ied. Coefficients in the expansion of the energy of
these states in powers of H-2 up to the 75th order
are obtained. Series for the energies of the states
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and the wave functions are summed to values of H
on the order of the atomic magnetic field. A gener-
alization of the moment method upon which these
calculations are based can be used in other cases in
which a hydrogen atom is perturbed by a potential
with a polynomial dependence on the coordinates.
(C) 1998 American Institute of Physics.
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Abstract: A dimensionally scaled generalization
of constrained search density functional theory al-
lows access to some simple model problems. These
might be valuable for testing and perhaps improv-
ing conventional density functionals. One specific
model problem is solved: When extrapolated to
infinite numbers of spatial dimensions, the energy
density functional for spherically symmetric, two-
electron systems can be calculated to arbitrary ac-
curacy. (C) 1994 John Wiley and Sons, Inc.
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Abstract: An analytic treatment of the ground-
state energy of homonuclear molecular ions, based
on the large-dimensional approach, is presented. It
encodes scaling features for these systems and their
three-particle counterparts.
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Abstract: The WKB approximation is applied
to the rotating Morse oscillator. Results are pre-
sented for the ground state of the H-2 molecule
and are compared with those obtained by several
other methods. The WKB method gives the best
results for v ¿ 5. At smaller values of v, the WKB
results are only slightly less accurate than the best
ones.
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Abstract: Three methods for calculating the lev-
els of the rotating Rydberg oscillator are com-
pared: Two versions of the shifted 1/N expansion
and the WKB method. Results are presented for
the ground state of the H-2 molecule. The WKB
method gives the best results for a majority of the
levels. In other cases the WKB results are only
slightly less accurate than the best ones.

[635] V. M. Veinberg and V. S. Popov. SUMMATION OF
PERTURBATION-SERIES AND CLASSICAL MECHAN-
ICS. Doklady Akademii Nauk Sssr, 289(5):1095–1099, 1986.

[636] F. Vinette and J. Cizek. PERTURBATION ENERGY EX-
PANSION USING HYPERVIRIAL THEOREM AND SYM-
BOLIC COMPUTATION FOR THE N-DIMENSIONAL
HYDROGEN-ATOM IN AN EXTERNAL SPHERICALLY
SYMMETRIC FIELD. Comput. Phys. Commun., 52(1):35–
41, 1988.

[637] E. R. Vrscay. RAYLEIGH-SCHRODINGER PERTURBA-
TION EXPANSIONS FOR A HYDROGEN-ATOM IN A
POLYNOMIAL PERTURBATION. Int. J. Quantum Chem.,
32(5):613–620, 1987.

[638] J. R. Walkup, M. Dunn, and D. K. Watson. Branch-point
structure and the energy level characterization of avoided
crossings. J. Math. Phys., 41(1):218–239, 2000.

Abstract: The appearance of avoided crossings
among energy levels as a system parameter is
varied is signaled by the presence of square-root
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branch points in the complex parameter-plane.
Even hidden crossings, which are so gradual as
to be difficult to resolve experimentally, can be
uncovered by the knowledge of the locations of
these branch points. As shown in this paper, there
are two different analytic structures that feature
square-root branch points and give rise to avoided
crossings in energy. Either may be present in an
actual quantum-mechanical problem. This poses
special problems in perturbation theory since the
analytic structure of the energy is not readily ap-
parent from the perturbation series, and yet the
analytic structure must be known beforehand if
the perturbation series is to be summed to high
accuracy. Determining which analytic structure is
present from the perturbation series is illustrated
here with the example of a dimensional perturba-
tion treatment of the diamagnetic hydrogen prob-
lem. The branch point trajectories for this system
in the complex plane of the perturbation parame-
ter delta (related to the magnetic quantum num-
ber and the dimensionality) as the magnetic field
strength is varied are also examined. It is shown
how the trajectories of the two branch-point pairs
as the magnetic field strength varies are a natu-
ral consequence of the particular analytic structure
the energy manifests in the complex delta-plane.
There is no need to invoke any additional analytic
structures as a function of the field strength pa-
rameter. (C) 2000 American Institute of Physics.
[S0022-2488(99)00612-X].

[639] J. R. Walkup, M. Dunn, and D. K. Watson. Energy calcula-
tions of low-vertical bar m vertical bar diamagnetic hydrogen
states with dimensional perturbation theory. Phys. Rev. A,
63(2):4, 2001.

Abstract: In a previous article [J. R. Walkup, M.
Dunn, and D. K. Watson, Phys. Rev. A 58, 4668
(1998)] dimensional perturbation theory (DPT)
was applied to circular Rydberg states of diamag-
netic hydrogen to investigate avoided crossings in
its energy spectrum as both the field strength and
magnetic quantum number m were swept. Because
the DPT perturbation parameter delta = 1/(D +
2m + 1), where D is the dimensionality of the sys-
tem, is inversely related to m, one might assume
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that for a given field strength DPT would be ef-
fective only when m is large. However, the field-
strength expression used in DPT is scaled as a func-
tion of m, so it is not obvious a priori whether the
effectiveness of DPT diminishes when m is signif-
icantly reduced for a given physical field strength.
It is shown that for many states of diamagnetic
hydrogen DPT can still produce strongly conver-
gent and accurate energy values when m is small,
even when m = 0 (delta = 1/2). For those regions
where even Pade summation failed to converge ad-
equately, a technique is presented based on econo-
mized rational approximants.
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Abstract: The energy levels of diamagnetic hy-
drogen as a function of two independent parame-
ters, magnetic field strength B, and angular mo-
mentum m, are examined. Avoided crossings ap-
pear between these energy levels as either param-
eter is varied while the other is held fixed. These
avoided crossings are directly related to degenera-
cies (Fermi resonances) occurring at zeroth order
in perturbation theory. The mathematical basis
of these degeneracies are the square-root branch
points that connect the energy levels. It is found
that the locations of avoided crossings in either
constant-B or constant-in spectra can be predicted
by visually scanning the locations of these branch
points in the complex-delta plane, where delta=
1/(2 + 2 m) is the perturbation parameter used in
this research. [S1050-2947(98)07111-X].
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Abstract: The exact solutions to the Schrodinger
equation with a pseudoharmonic oscillator in an
arbitrary dimension D is presented.
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energy for helium-like ground state from Z=2 to 5. J. Chin.
Chem. Soc., 48(3):515–520, 2001.

Abstract: The non-relativistic energies of the
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