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ular quantum mechanics, comprising one electron-two
nuclei and two electron-one nucleus, are studied from
their Schrodinger-Born-Oppenheimer models. The follow-
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gen molecular ion)-like and He (helium)-like molecular
and atomic states, and (3) spectrum of He obtained by
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Abstract: The series solution method developed by
Pekeris [Phys. Rev. 112, 1649 (1958); 115, 1216 (1959)] for
the Schrodinger equation for two-electron atoms, as gen-
eralized by Frost et al. [J. Chem. Phys. 41, 482 (1964)]
to handle any three particles with a Coulomb interaction
has been used. The wave function is expanded in a triple
orthogonal set in three perimetric coordinates. From the
Schrodinger equation an explicit recursion relation for the
coefficients in the expansion is obtained, and the vanish-
ing of the determinant of these coefficients provides the
condition for the energy eigenvalues and for the eigenvec-
tors. The Schrodinger equation is solved and the matrix
elements are produced algebraically by using the com-
puter algebra system MAPLE. The substitutions for a
particular atom and diagonalization were performed by a
program written iu the C language. Since the determinant
is sparse, it is possible to go to the order of 1078 as Pekeris
did without using excessive memory or computer CPU
time. By using a nonlinear variational parameter in the
expression used to remove the energy, nonrelativistic en-
ergies, within the fixed-nucleus approximation, have been
obtained. For the ground-state singlet 1 1S state this is of
the accuracy claimed by Frankowski and Pekeris [Phys.
Rev. 146, 46 (1966); 150, 366(E) (1966)] using logarith-
mic terms for Z from 1 to 10, and for the triplet 2(3)S
state, energies have been obtained to 12 decimal places of
accuracy, which, with the exception of Z = 2, are lower
than any previously published, for all Z from 3 to 10.

[130] J. J. De Groote and M. Masili. Low-lying doubly excited states
of the helium isoelectronic series. Few-Body Syst., 32(4):249–266,
2003.

Abstract: We present within the hyperspherical adia-
batic approach a nonadiabatic calculation of the low-lying
doubly excited states for heliumlike atomic systems with
Z ranging from 2 to 6. Potential curves, channel functions,
and nonadiabatic couplings are accurately obtained using
a well-established technique. By neglecting the lowest po-
tential curve of each system, the doubly excited states
are identified as bound states of the remaining coupled
closed channels. We investigate the efficacy of this ap-
proximation by comparing the resonance positions with
the values obtained when the coupling with the neglected
open channel is included in the calculation.
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[131] J. J. De Groote, M. Masili, and J. E. Hornos. Analytical functions
for the calculation of hyperspherical potential curves of atomic sys-
tems. Phys. Rev. A, 62(3):9, 2000.

Abstract: We present angular basis functions for the
Schrodinger equation of two-electron systems in hyper-
spherical coordinates. By using the hyperspherical adia-
batic approach, the wave functions of two-electron sys-
tems are expanded in analytical functions, which general-
izes the Jacobi polynomials. We show that these func-
tions, obtained by selecting the diagonal terms of the
angular equation, allow efficient diagonalization of the
Hamiltonian for all values of the hyperspherical radius.
The method is applied to the determination of the S-1(e)
energy levels of the Li+ and we show that the precision
can be improved in a systematic and controllable way.
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1998.

Abstract: A generalized Hylleraas basis set with two
nonlinear parameters is used to study three-body sys-
tems with two equal masses interacting via coulomb forces
within the framework of non-relativistic quantum me-
chanics. Accurate variational bounds for the ground state
of some of these systems are obtained improving the rate
of convergence of the calculation with respect to an usual
Hylleraas basis set. A study of the interparticle densities
is also carried out.

[133] F. A. de Saavedra, E. Buendia, F. J. Galvez, and A. Sarsa. Varia-
tional calculation of some S-states of Coulomb three-body systems.
Eur. Phys. J. D, 13(2):201–206, 2001.

Abstract: A generalized Hylleraas-type basis set with
three nonlinear parameters is proposed to study three-
body systems interacting via coulomb forces within the
framework of non-relativistic quantum mechanics. This
basis set improves the rate of convergence with respect
to previous ones, specially for nonsymmetric systems and
excited states of two electron atoms: Accurate binding
energies and other properties for S-states of helium-like
ions, muonic molecules and the positronium negative ion
are reported.
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[160] G. W. F. Drake, M. M. Cassar, and R. A. Nistor. Ground-state
energies for helium, H-, and Ps(-). Phys. Rev. A, 65(5):4, 2002.

Abstract: A triple basis set in Hylleraas coordinates is
used to obtain improved variational bounds for the non-
relativistic energy and other properties of He, H-, and Ps(-
). The accuracy, numerical stability, and computational
efficiency are compared with recent work based on quasir-
andom basis sets. The Kato cusp conditions are used to
assess the accuracy of the wave functions at short dis-
tances.

[162] B. Duan, X. Y. Gu, and Z. Q. Ma. Precise calculation for energy
levels of a helium atom in P states. Phys. Lett. A, 283(3-4):229–236,
2001.

Abstract: The energy levels of a helium atom in P stares,
for parahelium and orthohelium with both the odd par-
ity and the even parity, are precisely calculated directly
from the Schrodinger equation. The rotational degrees of
freedom are separated completely from the internal ones,
so that only three internal variables are involved in both
the generalized radial functions and equations. By making
use of the appropriate internal variables, the singularity
in the solutions is removed and the series in calculation
converges very fast. (C) 2001 Elsevier Science B.V. All
rights reserved.
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Abstract: The energies of some excited states with the
total angular momentum L = 0, 1 and 2, the total spin
of two electrons S = 0 and 1, and the even and odd pari-
ties are precisely calculated directly from the Schrodinger
equation where the mass of the helium nucleus is finite.
Moreover, we find that the solutions to the equation for
the excited states have some more nodes, which can be
used to distinguish the states with the same spectral term.

[164] B. Duan, X. Y. Gu, and Z. Q. Ma. Energy levels of P-wave states
for a D-dimensional helium atom. Phys. Lett. A, 322(1-2):96–104,
2004.

Abstract: In this Letter, the lowest energies of a D-
dimensional helium atom in P-wave, where the total spin
of two electrons is I and 0 and the parity is odd and
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even, are directly calculated from the Schrodinger equa-
tion with the finite mass of the helium nucleus, respec-
tively. It is found that the lowest energy level of the P-
state with spin zero is higher than that of the state with
spin one if the parity and the spatial dimension D are the
same, and that I E I of the states with the same angular
momentum and the parity decreases as D increases. More-
over, the interdimensional degeneracies are confirmed in
the calculation, namely the states P-1,3(e) and D-1,3(o)
in three dimensions are degenerated with the states S-
3,1(e) and P-3,1(o) in five dimensions. (C) 2004 Elsevier
B.V All rights reserved.

[165] B. Duan and Z. Q. Ma. Energies of the ground states of S-wave
for a D-dimensional helium atom. Phys. Lett. A, 312(5-6):363–368,
2003.

Abstract: For a helium atom in D dimensions, the low-
est energies of S wave with spin 1 and 0 are precisely
calculated directly from the Schrodinger equation where
the mass of the helium nucleus is finite. Our numerical
results are a confirmation of the interdimensional degen-
eracy between the state S-1, (S-3(e)) in D dimensions and
the state (3)Pe (P-1(e)) in D - 2 dimensions, where D
greater than or equal to 5. (C) 2003 Elsevier Science B.V.
All rights reserved.

[166] Y. S. Duan, Y. X. Liu, and L. J. Zhang. Corrections to the non-
relativistic ground energy of a helium atom. Chin. Phys. Lett.,
21(9):1714–1716, 2004.

Abstract: Considering the nuclear motion, we present
the nonrelativistic ground energy of a helium atom by
using a simple effective variational wavefunction with a
flexible parameter k. Based on the result, the relativistic
and radiative corrections to the nonrelativistic Hamilto-
nian are discussed. The high precision value of the helium
ground energy is evaluated to be -2.90338 a.u. with the
relative error 0.00034%.

[170] M. Dunn and D. K. Watson. Continuation of the Schrodinger equa-
tion for higher angular-momentum states to D dimensions and inter-
dimensional degeneracies. Few-Body Syst., 21(3-4):187–209, 1996.

Abstract: The application of the techniques of dimen-
sional scaling, and in particular the 1/D expansion, to
higher angular-momentum states of multielectron atoms
requires the generalized Euler angles, which multiply with
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increasing D to be ”factored out” of the wave function.
The factorization must be performed in a way that pro-
duces from the Schrodinger equation a tractable set of
differential equations which admit continuation in the di-
mension D. In two recent works the authors have achieved
the necessary factorization of the wave function by gen-
eralizing the Schwartz expansion to N electrons in D di-
mensions. The present paper applies the N-electron D-
dimensional Schwartz expansion to the two-electron prob-
lem in D dimensions. The resulting set of coupled differen-
tial equations in the internal variables admit continuation
in D, enabling the methods of dimensional scaling to be
applied to higher-angular-momentum states. In addition,
the coupled differential equations clearly show the com-
plete spectrum of exact interdimensional degeneracies of
the two-electron system.

[171] M. Dunn and D. K. Watson. Continuation of the wave function for
higher angular momentum states to D dimensions .1. The general-
ized Schwartz expansion. Ann. Phys., 251(2):266–318, 1996.

Abstract: Extending the techniques of dimensional scal-
ing to higher angular momentum states of multi-electron
atoms requires the derivation, from the Schrodinger equa-
tion, of a tractable set of differential equations which ad-
mit continuation in the spatial dimension D. This deriva-
tion centers on ”factoring out,” in D dimensions, the ro-
tational degrees of freedom from the internal degrees of
freedom in the wave function. A solution to this problem,
by generalizing thr Schwartz expansion (Schwartz, Phys.
Rev. 123, 1700 (1961)) to N electrons in D dimensions,
is presented. The generalization to systems with particles
of arbitrary masses is straightforward. (C) 1996 Academic
Press, Inc.

[173] M. Dunn and D. K. Watson. Large-dimension limit of higher-
angular-momentum states of two-electron atoms. Phys. Rev. A,
59(2):1109–1124, 1999.

Abstract: To apply the methods of dimensional scaling
to higher-angular-momentum states, a formalism needs
to be developed which factors the D-dimensional rota-
tional degrees of freedom from the internal degrees of
freedom. The rotational degrees of freedom multiply with
increasing dimensionality, while the internal degrees of
freedom remain finite in number. A suitable expansion
which achieves this has been presented by the authors
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recently and is an N-electron D-dimensional generaliza-
tion of the Schwartz expansion. A derivation of the cou-
pled differential equations in the internal variables that
result from the application of the Hamiltonian to this
wave-function expansion for the atomic two-electron sys-
tem has been presented by the authors in another recent
paper. The coupled differential equations admit continua-
tion in D and clearly show the complete spectrum of exact
interdimensional degeneracies of the two-electron system.
However, to apply the methods of dimensional scaling to
the two-electron system, the system of coupled differen-
tial equations have to be solved for large D. This paper
concerns itself with this issue. [S1050-2947(97)07608-7].

[178] R. Dutt, T. Imbo, and U. Sukhatme. THE 1/N EXPANSION
AND NONRELATIVISTIC POTENTIAL PROBLEMS WITH
SEVERAL EXPANSION PARAMETERS - APPLICATIONS TO
THE ROTATING HARMONIC-OSCILLATOR, ZEEMAN EF-
FECT AND HELIUM-LIKE ATOMS. Z. Phys. D-Atoms Mol. Clus-
ters, 6(3):211–217, 1987.

[185] S. Edvardsson, D. Aberg, and P. Uddholm. A program for ac-
curate solutions of two-electron atoms. Comput. Phys. Commun.,
165(3):260–270, 2005.

Abstract: We present a comprehensible computer pro-
gram capable of treating non-relativistic ground and ex-
cited states for a two-electron atom having infinite nu-
clear mass. An iterative approach based on the implic-
itly restarted Arnoldi method (IRAM) is employed. The
Hamiltonian matrix is never explicitly computed. Instead
the action of the Hamiltonian operator on discrete pair
functions is implemented. The finite difference method is
applied and subsequent extrapolations gives the continu-
ous grid result. The program is written in C and is highly
optimized. All computations are made in double precision.
Despite this relatively low degree of floating point preci-
sion (48 digits are not uncommon), the accuracy in the
results can reach about 10 significant figures. Both serial
and parallel versions are provided. The parallel program
is particularly suitable for shared memory machines such
as the Sun Starcat series. The serial version is simple to
compile and should run on any platform.

[187] M. O. Elout, D. Z. Goodson, C. D. Elliston, S. W. Huang, A. V.
Sergeev, and D. K. Watson. Improving the convergence and esti-
mating the accuracy of summation approximants of 1/D expansions
for Coulombic systems. J. Math. Phys., 39(10):5112–5122, 1998.
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Abstract: The convergence of large-order expansions in
delta = 1/D, where D is the dimensionality of coordi-
nate space, for energies E(delta) of Coulomb systems is
strongly affected by singularities at delta = 1 and Pade’-
Borel approximants with modifications that that com-
pletely remove the singularities at delta = 1 and remove
the dominant singularity at delta = 0 are demonstrated.
A renormalization of the interelectron repulsion is found
to move the dominant singularity of the Borel function
F(delta) = Sigma(j)E(j)’/ j!, where E-j’ are the the expan-
sion coefficients of the energy with singularity structure
removed at d51, farther from the origin and thereby accel-
erate summation convergence. The ground-state energies
of He and H-2(+) are used as test cases. The new meth-
ods give significant improvement over previous summa-
tion methods. Shifted Borel summation using F-m(delta)
= Sigma(j)E(j)’/Gamma(j + 1 - m) is considered. The
standard deviation of results calculated with different val-
ues of the shift parameter m is proposed as a measure
of summation accuracy. (C) 1998 American Institute of
Physics. [S0022-2488(98)04210-8].

[204] C. Franck. QUANTUM FLUCTUATION AND PHASE-
TRANSITION IN A HARMONIC 2-ELECTRON ATOMIC
MODEL WITH VARIABLE DIMENSIONALITY. Phys. Rev. A,
47(1):119–125, 1993.

Abstract: Witten’s generalization to arbitrary dimen-
sion has afforded new insight into the correlated motion
of quantum particles [Phys. Today 33, (7), 38 (1980)]. We
have used a classically based method to understand the
resultant dimensionality dependence of the ground-state
energy of the helium atom in the approximation which
regards the quantum fluctuations of the system as being
harmonic oscillations about a classical, correlated state of
minimum effective potential energy. Making an analogy
with thermal systems, this provides a ”phase diagram” of
a single helium atom that features a first-order melting
transition, with inverse dimensionality playing the role of
temperature. Our approximation gives an understanding
of the high-dimensionality behavior of the quantum so-
lution found with a perturbation theory expansion in in-
verse dimensionality by Goodson and Herschbach [Phys.
Rev. Lett. 58, 1628 (1987)]. From comparison with vari-
ational quantum ground-state solutions by Loeser and
Herschbach [J. Chem. Phys. 84, 3882 (1986)] for atomic
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numbers 2, 3, and 6 we find that the harmonic description
improves with decreasing nuclear charge.

[209] D. E. Freund, B. D. Huxtable, and J. D. Morgan. VARIATIONAL
CALCULATIONS ON THE HELIUM ISOELECTRONIC SE-
QUENCE. Phys. Rev. A, 29(2):980–982, 1984.

[231] D. Z. Goodson. Self-consistent-field perturbation theory for the
Schrodinger equation. Phys. Rev. A, 55(6):4155–4163, 1997.

Abstract: A method is developed for using large-order
perturbation theory to solve the systems of coupled differ-
ential equations that result from the variational solution
of the Schrodinger equation with wave functions of prod-
uct form. This is a noniterative, computationally efficient
way to solve self-consistent-field (SCF) equations. Possi-
ble applications include electronic structure calculations
using products of functions of collective coordinates that
include electron correlation, vibrational SCF calculations
for coupled anharmonic oscillators with selective coupling
of normal modes, and ab initio calculations of molecular
vibration spectra without the Born-Oppenheimer approx-
imation.

[242] D. Z. Goodson and D. K. Watson. DIMENSIONAL
PERTURBATION-THEORY FOR EXCITED-STATES OF 2-
ELECTRON ATOMS. Phys. Rev. A, 48(4):2668–2678, 1993.

Abstract: Large-order dimensional perturbation theory,
which yields high accuracy for ground-state energies, is
applied here to excited states of the two-electron atom.
Expansion coefficients are computed recursively using the
moment method, which we formulate in terms of normal
coordinates. We consider the first two excited S states of
helium, corresponding, at the large-dimension limit, to
one quantum in either the antisymmetric-stretch normal
mode or the symmetric-stretch normal mode. Compari-
son with the hydrogenic limit has identified these states
as Is 2s 3S and 1s2s 1S, respectively. We sum the 1/D
expansions at D = 3, using summation procedures that
take into account the dimensional singularity structure of
the eigenvalues, and find convergence at D = 3 to the
eigenvalues predicted by the hydrogenic assignments, de-
spite apparent qualitative differences between the eigen-
functions at large D and those at D = 3. In the D –¿
infinity limit, the electrons are equidistant from the nu-
cleus. Our results for 1s2s energies appear to imply that
the shell structure is properly accounted for by terms in
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the expansion beyond the lowest order. This robustness
of the 1/D expansion suggests that the method will be
applicable to many-electron systems.

[243] D. Z. Goodson, D. K. Watson, J. G. Loeser, and D. R. Her-
schbach. ENERGIES OF DOUBLY EXCITED 2-ELECTRON
ATOMS FROM INTERDIMENSIONAL DEGENERACIES. Phys.
Rev. A, 44(1):97–102, 1991.

Abstract: For a two-electron atom, many D = 3 states
have the same energies as D = 5 states of lower angu-
lar momentum. Thus the energies of 3P(e), 1P(e), 3D0,
and 1D0 states for D = 3 are respectively identical to
those for 1S(e), 3S(e), 1P0, and 3P0 states at D = 5.
We exploit these interdimensional degeneracies to obtain
accurate energies for doubly excited 2pnp P(e) states of
helium at D = 3, with n = 2-6, by calculating energy
eigenvalues for the singly excited 1s(n -1)s S(e) states at
D = 5. We also illustrate how some qualitative aspects
of double-excitation spectra can be elucidated in terms of
interdimensional degeneracies.

[250] X. Y. Gu, B. Duan, and Z. Q. Ma. Quantum three-body system in
D dimensions. J. Math. Phys., 43(6):2895–2906, 2002.

Abstract: The independent eigenstates of the total or-
bital angular momentum operators for a three-body sys-
tem in an arbitrary D-dimensional space are presented by
the method of group theory. The Schrodinger equation is
reduced to the generalized radial equations satisfied by
the generalized radial functions with a given total orbital
angular momentum denoted by a Young diagram [mu, nu,
0,..., 0] for the SO(D) group. Only three internal variables
are involved in the functions and equations. The number
of both the functions and the equations for the given an-
gular momentum is finite and equal to (mu-nu+1). (C)
2002 American Institute of Physics.

[252] X. Y. Gu, Z. Q. Ma, and B. Duan. Interdimensional degeneracies
for a quantum three-body system in D dimensions. Phys. Lett. A,
307(1):55–59, 2003.

Abstract: A new approach is developed to derive the
complete spectrum of exact interdimensional degeneracies
for a quantum three-body system in D dimensions. The
new method gives a generalization of previous methods.
(C) 2002 Elsevier Science B.V. All rights reserved.
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[254] X. Y. Gu, Z. Q. Ma, and J. Q. Sun. Interdimensional degeneracies in
a quantum isolated four-body system. Phys. Lett. A, 314(1-2):156–
162, 2003.

Abstract: Complete spectrum of exact interdimensional
degeneracies for a quantum isolated four-body system in
D dimensions is presented and proved by the method of
generalized spherical harmonic polynomials. A quantum
isolatd system must be invariant in a global translation
and a global rotation. In a quantum isolated four-body
system all the states with angular momentum [mu + n,
nu + n, tau + n] in (D - 2n) dimensions are degenerate
where mu, nu, tau, and D are given and n is an arbitrary
integer if the representation [mu + n, nu + n, tau + n]
exists for the SO(D - 2n) group and D - 2n greater than
or equal to 4. There is an exceptional interdimensional
degeneracy for a four-body system between the state with
zero angular momentum in D = 3 dimensions and the
state with zero angular momentum in D = 5 dimensions.
(C) 2003 Elsevier B.V. All rights reserved.

[258] M. I. Haftel and V. B. Mandelzweig. PRECISE NONVARIA-
TIONAL CALCULATIONS ON THE HELIUM ATOM. Phys. Rev.
A, 38(12):5995–5999, 1988.

[266] M. I. Haysak, Y. L. Griga, and V. I. Lendyel. ONE EFFECTIVE
METHOD FOR ACCOUNTING CORRELATIONS IN THE HE-
LIUM ATOM. Ukr. Fiz. Zhurnal, 35(10):1470–1477, 1990.

Abstract: An adiabatic model of a three-particle prob-
lem with the use of hyperspherical approach is suggested.
The essential point of the proposed model is that the trial
solution of the equation for determination of the adiabatic
potential satisfies the correct asymptotic parametric de-
pendence on the hyperradius. This enables one both to
reproduce a very precise value of the ground state energy
and to obtain much better agreement of the theory with
the experiment for higher energies of 1sns-configurations
for singlet as well as for triplet states.

[268] D. R. Herrick. VARIABLE DIMENSIONALITY IN GROUP-
THEORETIC PREDICTION OF CONFIGURATION MIXINGS
FOR DOUBLY-EXCITED HELIUM. J. Math. Phys., 16(5):1047–
1053, 1975.

[271] D. R. Herrick and F. H. Stillinger. VARIABLE DIMENSIONAL-
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HELIUM ISOELECTRONIC SEQUENCE. Phys. Rev. A, 11(1):42–
53, 1975.

[32] J. Avery, D. Z. Goodson, and D. R. Herschbach. APPROXI-
MATE SEPARATION OF THE HYPERRADIUS IN THE MANY-
PARTICLE SCHRODINGER-EQUATION. Int. J. Quantum
Chem., 39(5):657–666, 1991.

Abstract: For large values of d = 3N, the radial distri-
bution function of an N-particle system is sharply peaked
near the hyperradius r(m) = (d - 2)/2k0, where k0 =
(2E)1/2. This fact allows an approximate separation of
the hyperradius, leading to many-dimensional hydrogen-
like radial solutions. Kindred applications to dimensional
scaling are also discussed, where d = DN, with D the spa-
tial dimension. For the large D regime, illustrative ana-
lytic formulas are obtained giving the energy and effective
nuclear charge for the lowest few S states of the helium
atom.

[33] J. Avery, D. Z. Goodson, and D. R. Herschbach. DIMENSIONAL
SCALING AND THE QUANTUM-MECHANICAL MANY-BODY
PROBLEM. Theor. Chim. Acta, 81(1-2):1–20, 1991.

Abstract: A growing repertoire of electronic structure
methods employ the spatial dimension D as an interpola-
tion or scaling parameter. It is advantageous to transform
the Schrodinger equation to remove all dependence on D
from the Jacobian volume element and the Laplacian op-
erator; this introduces a centrifugal term, quadratic in
D, that augments the effective potential. Here we explic-
itly formulate this procedure for S states of an arbitrary
many-particle system, in two variants. One version re-
duces the Laplacian to a quasicartesian form, and is par-
ticularly suited to evaluating the exactly solvable D –¿ in-
finity limit and perturbation expansions about this limit.
The other version casts the Jacobian and Laplacian into
the familiar forms for D = 3, and is particularly suited to
calculations employing conventional Rayleigh-Ritz varia-
tional methods.

[343] F. W. King. Progress on high precision calculations for the ground
state of atomic lithium. Theochem-J. Mol. Struct., 400:7–56, 1997.

Abstract: Progress on high precision calculations for the
ground state of atomic lithium is reviewed. The follow-
ing properties are considered: upper and lower bounds
to the nonrelativistic ground state energy, the specific
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mass shift, the transition isotope shift, relativistic cor-
rections to the ground state energy, the Lamb shift, the
ionization potential, the electron affinity, the hyperfine
coupling constant, the nuclear magnetic shielding con-
stant, the diamagnetic susceptibility, several polarizabil-
ity factors, shielding constants, oscillator strength sums,
the electron density and spin density, intracule functions,
moments [r(i)(n)] and [r(i)(jn)] and form factors. A dis-
cussion is also given on some convergence considerations
as they apply to high precision calculations on the lithium
atom. (C) 1997 Elsevier Science B.V.

[348] V. I. Korobov. Coulomb three-body bound-state problem: Varia-
tional calculations of nonrelativistic energies. Phys. Rev. A, 61(6):3,
2000.

Abstract: It is known that variational methods are the
most powerful tool for studying the Coulomb three-body
bound-state problem. However, they often suffer from loss
of stability when the number of basis functions increases.
This problem can be cured by applying the multiprecision
package designed by D. H. Bailey. We consider variational
basis functions of the type exp(-alpha(n)r(1)-beta(n)r(2)-
gamma(n)r(12)) with complex exponents. The method
yields the best available energies for the ground states
of the helium atom and the positive hydrogen molecular
ion as well as many other known atomic and molecular
systems.

[362] C. D. Lin and T. Morishita. Few-body problems: The hyperspher-
ical way. Phys. Essays, 13(2-3):367–376, 2000.

Abstract: Hyperspherical coordinates were first intro-
duced by Pane in the 1960s to understand the basic prop-
erties of doubly excited slates of helium atoms, In the past
few decades, this approach has been refined and extended
to a broad range of few-body atomic and molecular sys-
tems. The success story of this general method as first
laid out by Fano is reviewed.

[364] Y. X. Liu, X. H. Zhang, and Y. S. Duan. Detecting extra dimension
by helium-like ions. Mod. Phys. Lett. A, 23(22):1853–1860, 2008.

Abstract: Considering that gravitational force might de-
viate from Newton’s inverse-square law and become much
stronger in small scale, we present a method to detect the
possible existence of extra dimensions in the ADD model.
By making use of an effective variational wave function,
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we obtain the nonrelativistic ground energy of a helium
atom and its isoelectronic sequence. Based on these re-
sults, we calculate gravity correction of the ADD model.
Our calculation may provide a rough estimation about the
magnitude of the corresponding frequencies which could
be measured in later experiments.

[365] Y. X. Liu, Z. H. Zhao, Y. Q. Wang, and Y. H. Chen. Variational
calculations and relativistic corrections to the nonrelativistic ground
energies of the helium atom and the helium-like ions. Acta Phys.
Sin., 54(6):2620–2624, 2005.

Abstract: Mathematica language is used to make a pro-
gram that can solve the three-body problem with varia-
tional method. Considering the nuclear motion, the non-
relativistic ground energies and the analytic wave func-
tions of the helium atom and the helium-like ions ( H-,
He, L+ , Be+ +, B3+, C4+, N5+, O6+) are presented by
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ions. The scaling transformation r –¿ r/Z applied to the
Hamiltonian of a two-electron atomic ion with a nu-
clear charge Z (in atomic units). Using the improved
Rayleigh-Schrodinger perturbation theory based on the
integral equation to helium-like ions in the ground states
and treating the electron correlations as perturbations,
we have performed a third-order perturbation calculation
and obtained the second-order corrected wavefunctions
consisting of a few terms and third-order energy correc-
tions. We find that third-order and higher-order energy
corrections are improved with decreasing nuclear charge.
This result means that the former is quadratically inte-
grable and the latter is physically meaningful. The im-
proved quantum perturbation theory fits the higher-order
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ment on the quantum perturbation problem of helium-like
systems.
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meaning of complex expectation values which result from
this procedure is illustrated with a simple two-channel
model. In a further example autoionizing states of helium
are analysed in terms of complex expectation values which
are shown to provide a sensitive tool to probe details of
complicated dynamics. We also demonstrate how Lewis
structures for resonances may be defined through complex
expectation values.

[91] J. C. Carzoli, M. Dunn, and D. K. Watson. Singly and doubly
excited states of the D-dimensional helium atom. Phys. Rev. A,
59(1):182–187, 1999.

Abstract: Large-order dimensional perturbation theory
(DPT) has been used to study the ground and a num-
ber of excited states of two-electron atoms for the case
L=0. Here we present an application of recent work gen-
eralizing DPT to any higher angular-momentum state. In
this work we begin the investigation of P-o states, pre-
senting results for the energies of some of the lowest-lying
states and discuss the analytic structure of these ener-
gies as functions of 1/D. We also obtain energies of cor-
responding D-o states with almost no additional effort by
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making use of interdimensional degeneracies with the P-o
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Abstract: In this work we analyze the spectrum of the
iso-electronic series of the helium atom by using the hype-
spherical adiabatic method. This method allows the study
of the energy levels of atomic systems by means of a set
of potential curves, similarly to the Born-Oppenheimer
approach for molecular systems. The potential curves are
defined with respect to a unique radial variable, regardless
the number of the system electrons. As a result the anal-
ysis and classification of the energy levels proceeds in a
simple and intuitive way, which is not observed within the
variational and Hartree-Fock methods, The objective of
this research is to describe the behavior of the helium-like
systems ground state with respect to the nuclear charge
value. Besides the hyperspherical method simplification
of the results analysis, it is an ab-initio process, whose
accuracy is only limited by the truncation of the coupled
equation number. Within its simplest approximation, in
which all couplings are disregarded, the error obtained
for the ground state energy is inferior to 1% and with
the introduction of the diagonal coupling the error drops
to only 0.3%. Further improvement is obtained with the
non-adiabatic couplings, reaching precisions of the order
of 10(-3)%.
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