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Abstract: The 1/D expansion, where D is the dimen-
sionality of space, offers a promising new approach for
obtaining highly accurate solutions to the Schrodinger
equation for atoms and molecules. The method typically
employs an asymptotic expansion calculated to rather
large order. Computation of the expansion coefficients
has been feasible for very small systems, but extending
the existing computational techniques to systems with
more than three degrees of freedom has proved difficult.
We present a new algorithm that greatly facilitates this
computation. It yields exact values for expansion coeffi-
cients, with less roundoff error than the best alternative
method. Our algorithm is formulated completely in terms
of tenser arithmetic, which makes it easier to extend to
systems with more than three degrees of freedom and
to excited stares, simplifies the development of computer
codes, simplifies memory management, and makes it well
suited for implementation on parallel computer architec-
tures. We formulate the algorithm for the calculation of
energy eigenvalues, wave functions, and expectation val-
ues for an arbitrary many-body system and give estimates
of storage and computational costs.
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Abstract: Directional superpositions of the rotational
states of linear molecules can:be created by interaction
of the polarizability with the strong electric field of an
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intense laser beam. The polarizability interaction, pro-
portional to cos(2) theta (with theta the angle between
the molecular axis and the direction of the electric field),
is a double-well potential, with end-for-end symmetry.
The energy levels thus exhibit tunnel-effect splittings. We
present an exact treatment, derived by transcription to
an oblate spheroidal wave equation. We also develop an
accurate semiclassical approximation, in which the action
integral and period are evaluated using an effective po-
tential that corresponds to one-dimensional motion. The
results pertain both to rotational spectroscopy of nonpo-
lar molecules and to alignment and trapping experiments
with either nonpolar or polar molecules.
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FOR DIMENSIONAL PERTURBATION-THEORY. Phys. Rev.
A, 46(9):5428–5436, 1992.

Abstract: We examine strategies for approximating the
sum of a perturbation expansion for Coulombic systems
in inverse powers of the spatial dimension D using only
the few lowest-order terms. Several summation methods
are tested on energy expansions of the following systems:
the ground state of He, the ground state of Li+, the first
two excited S states and the lowest 3P(e) state of He,
and the ground state of H-2+. The origin of the expan-
sions, the limit D –¿ infinity, corresponds to a pseudoclas-
sical limit, but lower-order terms are strongly affected
by poles at D –¿ 1, a hyperquantum limit. Two alter-
native methods are recommended, weighted truncation
and hybrid Pade summation, which exploit these poles
to reduce the summation error. In effect, these methods
modify a semiclassical 1/D expansion by incorporating
corrections that are often large. Weighted truncation ap-
pears to be slightly more dependable at very low orders,
while hybrid Pade summation is preferable when more
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than the three lowest-order terms are available or when
the residue of the second-order pole at D = 1 is known.
We demonstrate that the present methods are superior to
the shifted-expansion method, which does not correctly
model the singularity structure.
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THEORY FOR 2-ELECTRON ATOMS. J. Chem. Phys.,
97(11):8481–8496, 1992.

Abstract: An asymptotic expansion for the electronic
energy of two-electron atoms is developed in powers of
delta=1/D, the reciprocal of the Cartesian dimensional-
ity of space. The expansion coefficients are calculated to
high order (approximately 20 to 30) by an efficient re-
cursive procedure. Analysis of the coefficients elucidates
the singularity structure in the D –¿ infinity limit, which
exhibits aspects of both an essential singularity and a
square-root branch point. Pade-Borel summation incor-
porating results of the singularity analysis yields highly
accurate energies; the quality improves substantially with
increase in either D or the nuclear charge Z. For He, we
obtain 9 significant figures for the ground state and 11 for
the 2p2 3P(e) doubly excited state, which is isomorphic
with the ground state at D=5 by virtue of interdimen-
sional degeneracy. The maximum accuracy obtainable ap-
pears to be limited only by accumulation of roundoff error
in the expansion coefficients. The method invites applica-
tion to systems with many electrons or subject to external
fields.

[238] D. Z. Goodson, J. D. Morgan, and D. R. Herschbach. DI-
MENSIONAL SINGULARITY ANALYSIS OF RELATIVISTIC-
EQUATIONS. Phys. Rev. A, 43(9):4617–4624, 1991.

Abstract: For a nonrelativistic hydrogenic atom, the di-
mension dependence of the energy levels is non-singular
except for a second-order pole at D* = 3 - 2n, where
n is the principal quantum number. For the relativistic
Klein-Gordon and Dirac equations, the dimension depen-
dence has a much more complicated singularity struc-
ture, involving branch points. For all eigenstates there
are branch points at D+ +/- 2Z-alpha, where Z is the
nuclear charge, alpha is the fine-structure constant, and
D+ is independent of n but varies linearly with orbital
angular momentum. For most states there is in addi-
tion a pair of branch points near D* but slightly off the
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real axis. The customary perturbation expansion in terms
of Z-alpha gives qualitatively incorrect dimension depen-
dence; it predicts only poles located on the real axis at
D* and D+, no matter how high the order of the expan-
sion. The dimensional singularities result from the be-
havior at r = 0. The qualitatively incorrect results occur
because the perturbing potential, proportional to alpha-
2/r2, overwhelms the unperturbed 1/r potential at small
r. Because of the complexity of the dimensional singu-
larity structure, the popular ”shifted expansion” method
for summing the 1/D expansion does not work well for
these equations. We demonstrate a general method for
identifying the dimensional singularities that leads to an
exact summation of the 1/D expansion for all eigenstates
of both the Klein-Gordon and the Dirac equations for a
particle in a Coulomb potential.
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Rev. A, 44(1):97–102, 1991.

Abstract: For a two-electron atom, many D = 3 states
have the same energies as D = 5 states of lower angu-
lar momentum. Thus the energies of 3P(e), 1P(e), 3D0,
and 1D0 states for D = 3 are respectively identical to
those for 1S(e), 3S(e), 1P0, and 3P0 states at D = 5.
We exploit these interdimensional degeneracies to obtain
accurate energies for doubly excited 2pnp P(e) states of
helium at D = 3, with n = 2-6, by calculating energy
eigenvalues for the singly excited 1s(n -1)s S(e) states at
D = 5. We also illustrate how some qualitative aspects of
double-excitation spectra can be elucidated in terms of
interdimensional degeneracies.

[272] D. Herschbach. Fifty years in physical chemistry: Homage to men-
tors, methods, and molecules. Annu. Rev. Phys. Chem., 51:1–39,
2000.

Abstract: A nostalgic account is given of my scientific
odyssey, recalling early encounters, some fateful, some
just fun, with mentors, methods, and molecules. These
include stories of my student years at Stanford, pursuing
chemical kinetics with Harold Johnston; graduate study
at Harvard, doing molecular spectroscopy with Bright
Wilson; and fledgling faculty years at Berkeley, launching
molecular beam studies of reaction dynamics. A few vi-
gnettes from my ”ever after” era on the Harvard faculty
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emphasize thematic motivations or methods inviting fur-
ther exploration. An Appendix provides a concise listing
of colleagues in research and the topics we have pursued.
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Faraday Discuss., 84:465–478, 1987.

[275] D. R. Herschbach. Dimensional scaling and renormalization. Int.
J. Quantum Chem., 57(3):295–308, 1996.

Abstract: Chief features of dimensional scaling meth-
ods are exemplified by briefly reviewing prototypical ap-
plications and recent developments. The pseudoclassical
large-D limit usually can be evaluated exactly regardless
of the magnitude, nature, and number of strong, nonsep-
arable dynamical interactions. Often, this limit can be
accurately Linked to D = 3 by perturbation or interpola-
tion methods. This is because the dimension dependence
of many-body effects tends to be smooth and mild when
calibrated by appropriate one- or few-body problems. A
simple renormalization procedure applied to atoms with
up N similar to 100 electrons yields a major part of the
correlation energy. From Hartree-Fock input, a renormal-
ized nuclear charge is determined which renders the di-
mensionally scaled energy at D –¿ infinity a good approx-
imation to that for D = 3 with the actual Z. Prospects
are discussed for other means to exploit dimensional scal-
ing, including an analogous renormalization procedure for
molecules. (C) 1996 John Wiley & Sons, Inc.

[276] D. R. Herschbach, J. G. Loeser, and D. K. Watson. PSEUDO-
MOLECULAR ATOMS - GEOMETRY OF 2-ELECTRON IN-
TRASHELL EXCITED-STATES. Z. Phys. D-Atoms Mol. Clusters,
10(2-3):195–210, 1988.

[32] J. Avery, D. Z. Goodson, and D. R. Herschbach. APPROXI-
MATE SEPARATION OF THE HYPERRADIUS IN THE MANY-
PARTICLE SCHRODINGER-EQUATION. Int. J. Quantum
Chem., 39(5):657–666, 1991.

Abstract: For large values of d = 3N, the radial distribu-
tion function of an N-particle system is sharply peaked
near the hyperradius r(m) = (d - 2)/2k0, where k0 =
(2E)1/2. This fact allows an approximate separation of
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the hyperradius, leading to many-dimensional hydrogen-
like radial solutions. Kindred applications to dimensional
scaling are also discussed, where d = DN, with D the spa-
tial dimension. For the large D regime, illustrative ana-
lytic formulas are obtained giving the energy and effective
nuclear charge for the lowest few S states of the helium
atom.

[321] S. Kais, D. D. Frantz, and D. R. Herschbach. ELECTRONIC
TUNNELING IN H-2+ EVALUATED FROM THE LARGE-
DIMENSION LIMIT. Chem. Phys., 161(3):393–402, 1992.

Abstract: We derive a simple, analytic expression for
the energy splitting DELTA-E between the lowest pair
of H2+ states (1s-sigma(g) and 2p-sigma(u)) that re-
sults from electron exchange between two protons. The
calculation employs the semiclassical instanton method,
with two unorthodox features which markedly simplify
the treatment: (1) The double-minimum potential and
corresponding wavefunctions that govern the electronic
tunneling are evaluated in the large-dimension limit. (2)
The time variable is rescaled to cure divergent behavior
of fluctuations about the instanton path that otherwise
appears because of the potential develops sharp cusps as
the internuclear distance increases. By virtue of exact in-
terdimensional degeneracies, the large-D limit yields valid
results for a 3D molecule. Indeed, a simple dimensional
scaling law gives DELTA-E for all pairs of g, u states that
stem from separated atom states with m = l = n - 1, for n
= 1 –¿ infinity. For a wide range of internuclear distances,
our analytic expression for DELTA-E, which pertains to
the leading order in HBAR, gives for such states good
agreement with comparable semiclassical methods as well
as with exact numerical calculations. It is remarkable that
use of the effective potential for the large-dimension limit,
which is exactly calculable from classical electrostatics,
yields quantitative results for electronic tunneling, an in-
trinsically quantal phenomenon.

[322] S. Kais, T. C. Germann, and D. R. Herschbach. LARGE-
DIMENSION LIMIT YIELDS GENERIC REDUCED POTEN-
TIAL CURVES FOR H2+, H-2, HHE+, AND HE-2(2+). J. Phys.
Chem., 98(43):11015–11017, 1994.

Abstract: Analytic expressions for the D –¿ infinity
limit previously evaluated for one- and two-electron di-
atomic molecules are compared with the familiar D = 3
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potentials as functions of the internuclear distance R for
H-2(+), H-2, HHe+, and He-2(2+). We find that the D =
3 potential can be obtained from the large-D limit simply
by E(3)(R) E(infinity)(R)/G(R), to good approximation,
where the function G(R) has the same form for the four
molecules. Furthermore, 1 - G(R) has a corresponding-
states property; when reduced by two parameters, it be-
comes the same function for all four molecules, nearly
proportional to x(2)e(-2x), with x the scaled internuclear
distance. This suggests that the pseudoclassical D –¿ in-
finity limit may provide a useful reference for analysis of
intermolecular potentials.

[323] S. Kais and D. R. Herschbach. DIMENSIONAL SCALING FOR
QUASI-STATIONARY STATES. J. Chem. Phys., 98(5):3990–3998,
1993.

Abstract: Complex energy eigenvalues which specify the
location and width of quasibound or resonant states are
computed to good approximation by a simple dimensional
scaling method. As applied to bound states, the method
involves minimizing an effective potential function in ap-
propriately scaled coordinates to obtain exact energies
in the D –¿ infinity limit, then computing approximate
results for D = 3 by a perturbation expansion in I/D
about this limit. For resonant states, the same procedure
is used, with the radial coordinate now allowed to be com-
plex. Five examples are treated: the repulsive exponential
potential (e(-r)); a squelched harmonic oscillator (r2e(-
r)); the inverted Kratzer potential (r-1 repulsion plus r-2
attraction); the Lennard-Jones potential (r-12 repulsion,
r-6 attraction); and quasibound states for the rotational
spectrum of the hydrogen molecule (X 1SIGMA(g)+, v =
0, J = 0 to 50). Comparisons with numerical integrations
and other methods show that the much simpler dimen-
sional scaling method, carried to second-order (terms in
1/D2), yields good results over an extremely wide range
of the ratio of level widths to spacings. Other methods
have not yet evaluated the very broad H-2 rotational res-
onances reported here (J¿ 39), which lie far above the
centrifugal barrier.

[324] S. Kais and D. R. Herschbach. THE 1/Z EXPANSION AND
RENORMALIZATION OF THE LARGE-DIMENSION LIMIT
FOR MANY-ELECTRON ATOMS. J. Chem. Phys., 100(6):4367–
4376, 1994.
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Abstract: Analytic expressions for the large-dimension
limit, when renormalized by introducing:a suitable effec-
tive nuclear charge zeta yield accurate D=3 nonrelativis-
tic energies for ground states of many-electron atoms. Us-
ing Hartree-Fock data to estimate zeta, which typically
differs from the actual charge Z by similar to 1% or less,
we find this dimensional renormalization method (de-
noted DR-O) gives results substantially better than the
HF input. Comparison of the 1/Z expansion for the large-
D limit with that for D=3 atoms provides expressions
for the leading error terms in the renormalized total en-
ergy and correlation energy. When configuration;mixing
occurs in the Z–¿infinity limit (as for Be and many
other atoms), we find the renormalization procedure is
markedly improved by including the zeroth-order mix-
ing (denoted DR-1); this-contributes-a term linear in Z.
Including the Z-independent term (DR-2) also improves
the accuracy when zeroth-order mixing is absent (e.g.,
ground-state atoms with N=2, 3, and 7-11) but not oth-
erwise. Correlation energies for atoms and cations with
N=2-18 electrons and Z=2-28 are obtained with a mean
error of 26% using just the large-D limit or HF input
(DR-O); the mean error improves to only 5% when the
leading 1/Z term is included (either DR-1 or DR-2). Re-
sults much better than the HF approximation are likewise
obtained for the ionization potentials and electron affini-
ties of neutral atoms.

[325] S. Kais, D. R. Herschbach, N. C. Handy, C. W. Murray,
and G. J. Laming. DENSITY FUNCTIONALS AND DIMEN-
SIONAL RENORMALIZATION FOR AN EXACTLY SOLVABLE
MODEL. J. Chem. Phys., 99(1):417–425, 1993.

Abstract: We treat an analytically solvable version of
the ”Hooke’s Law” model for a two-electron atom, in
which the electron-electron repulsion is Coulombic but
the electron-nucleus attraction is replaced by a harmonic
oscillator potential. Exact expressions are obtained for
the ground-state wave function and electron density, the
Hartree-Fock solution, the correlation energy, the Kohn-
Sham orbital, and, by inversion, the exchange and corre-
lation functionals. These functionals pertain to the ”in-
termediate” density regime (r(s) greater-than-or-equal-to
1.4) for an electron gas. As a test of customary approxi-
mations employed in density functional theory, we com-
pare our exact density, exchange, and correlation poten-
tials and energies with results from two approximations.
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These use Becke’s exchange functional and either the Lee-
Yang-Parr or the Perdew correlation functional. Both ap-
proximations yield rather good results for the density and
the exchange and correlation energies, but both deviate
markedly from the exact exchange and correlation po-
tentials. We also compare properties of the Hooke’s Law
model with those of two-electron atoms, including the
large dimension limit. A renormalization procedure ap-
plied to this very simple limit yields correlation energies
as good as those obtained from the approximate function-
als, for both the model and actual atoms.

[326] S. Kais, D. R. Herschbach, and R. D. Levine. DIMENSIONAL
SCALING AS A SYMMETRY OPERATION. J. Chem. Phys.,
91(12):7791–7796, 1989.

[327] S. Kais, J. D. Morgan, and D. R. Herschbach. ELEC-
TRONIC TUNNELING AND EXCHANGE ENERGY IN THE D-
DIMENSIONAL HYDROGEN-MOLECULE ION. J. Chem. Phys.,
95(12):9028–9041, 1991.

Abstract: Dimensional scaling generates an effective
potential for the electronic structure of atoms and
molecules, but this potential may acquire multiple min-
ima for certain ranges of nuclear charges or geometries
that produce symmetry breaking. Tunneling among such
minima is akin to resonance among valence bond struc-
tures. Here we treat the D-dimensional H-2+ molecule ion
as a prototype test case. In spheroidal coordinates it offers
a separable double-minimum potential and tunneling oc-
curs in only one coordinate; in cylindrical coordinates the
potential is nonseparable and tunneling occurs in two co-
ordinates. We determine for both cases the ground state
energy splitting DELTA-E(D) as a function of the inter-
nuclear distance R. By virtue of exact interdimensional
degeneracies, this yields the exchange energy for all pairs
of g, u states of the D = 3 molecule that stem from sep-
arated atom states with m = l = n - 1, for n = 1 –¿
infinity. We evaluate DELTA-E(D) by two semiclassical
techniques, the asymptotic and instanton methods, and
obtain good agreement with exact numerical calculations
over a wide range of R. We find that for cylindrical co-
ordinates the instanton path for the tunneling trajectory
differs substantially from either a straightline or adiabatic
path, but is nearly parabolic. Path integral techniques
provide relatively simple means to determine the exact in-
stanton path and contributions from fluctuations around
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it. Generalizing this approach to treat multielectron tun-
neling in several degrees of freedom will be feasible if the
fluctuation calculations can be made tractable.

[33] J. Avery, D. Z. Goodson, and D. R. Herschbach. DIMENSIONAL
SCALING AND THE QUANTUM-MECHANICAL MANY-BODY
PROBLEM. Theor. Chim. Acta, 81(1-2):1–20, 1991.

Abstract: A growing repertoire of electronic structure
methods employ the spatial dimension D as an interpola-
tion or scaling parameter. It is advantageous to transform
the Schrodinger equation to remove all dependence on D
from the Jacobian volume element and the Laplacian op-
erator; this introduces a centrifugal term, quadratic in
D, that augments the effective potential. Here we explic-
itly formulate this procedure for S states of an arbitrary
many-particle system, in two variants. One version re-
duces the Laplacian to a quasicartesian form, and is par-
ticularly suited to evaluating the exactly solvable D –¿ in-
finity limit and perturbation expansions about this limit.
The other version casts the Jacobian and Laplacian into
the familiar forms for D = 3, and is particularly suited to
calculations employing conventional Rayleigh-Ritz varia-
tional methods.

[330] S. Kais, S. M. Sung, and D. R. Herschbach. ATOMIC ENERGIES
FROM RENORMALIZATION OF THE LARGE-DIMENSION
LIMIT. J. Chem. Phys., 99(7):5184–5196, 1993.

Abstract: By augmenting Hartree-Fock (HF) results for
nonrelativistic ground-state energies of N-electron atoms
by analytic expressions for the D–¿infinity limit derived
by Loeser, we obtain a simple renormalization procedure
which substantially enhances accuracy. A renormalized
nuclear charge, Z(infinity), is found which renders the di-
mensionally scaled energy at D–¿infinity a good approx-
imation to that for D = 3 with the actual Z. The renor-
malized charge is readily evaluated by comparing the HF
energy (or any other input approximation) with its D–
¿infinity limit. For atoms with any N or Z, the computa-
tions are elementary, requiring little more than solution
of a quartic equation. With only HF input in addition
to the D–¿infinity limit, the renormalization procedure
yields about 2/3 or more of the correlation energy, for
neutral atoms with N=Z = 2–¿86. Further improvements
in the method seem feasible, but will require better means
to incorporate shell-structure in the large-D limit.

11



[331] S. Kais, S. M. Sung, and D. R. Herschbach. LARGE-Z AND
LARGE-N DEPENDENCE OF ATOMIC ENERGIES FROM
RENORMALIZATION OF THE LARGE-DIMENSION LIMIT.
Int. J. Quantum Chem., 49(5):657–674, 1994.

Abstract: By combining Hartree-Fock results for non-
relativistic ground-state energies of N-electron atoms
with analytic expressions for the large-dimension limit,
we have obtained a simple renormalization procedure.
For neutral atoms, this yields energies typically three-
fold more accurate than the Hartree-Fock approximation.
Here, we examine the dependence on Z and N of the
renormalized energies E(N, Z) for atoms and cations over
the range Z, N = 2 –¿ 290. We find that this gives for large
Z = N an expansion of the same form as the Thomas-
Fermi statistical model, E –¿ Z(7/3)(Co + C(1)Z(-1/3)
+ C(2)Z(-2/3) + C(3)Z(-3/3) + ...), with similar values
of the coefficients for the three leading terms. Use of the
renormalized large-D limit enables us to derive three fur-
ther terms. This provides an analogous expansion for the
correlation energy of the for Delta E –¿ Z(4/3)(Delta C-3
+ Delta C(5)Z(-2/3) + Delta C(6)Z(-3/3) + ...); com-
parison with accurate values of Delta E available for the
range Z less than or equal to 36 indicates the mean error
is only about 10%. Oscillatory terms in E and Delta E
are also evaluated. (C) 1994 John Wiley gr Sons, Inc.

[35] J. Avery and D. R. Herschbach. HYPERSPHERICAL STUR-
MIAN BASIS FUNCTIONS. Int. J. Quantum Chem., 41(5):673–
686, 1992.

Abstract: A Sturmian basis set is a set of solutions to
the Schrodinger equation, with the potential scaled in
such a way that all the members of the set correspond to
the same value of the energy. We discuss, in particular,
the set of Sturmian basis functions corresponding to so-
lutions of the d-dimensional hydrogenlike wave equation.
These hydrogenlike Sturmian functions are expressed in
terms of Laguerre polynomials and hyperspherical har-
monics. When they are used as a basis for solving the
many-particle Schrodinger equation, the secular equa-
tions take on a simple form [Eq. (59)]. The necessary
integrals are evaluated explicitly, and the possibility of
combining the hyperspherical technique with dimensional
scaling is discussed.
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[368] J. G. Loeser and D. R. Herschbach. DIMENSIONAL INTER-
POLATION OF CORRELATION-ENERGY FOR 2-ELECTRON
ATOMS. J. Phys. Chem., 89(16):3444–3447, 1985.

[369] J. G. Loeser and D. R. Herschbach. HARTREE-FOCK APPROX-
IMATION FOR D-DIMENSIONAL 2-ELECTRON ATOMS. J.
Chem. Phys., 84(7):3893–3900, 1986.
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Chem. Phys., 84(7):3882–3892, 1986.
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OF CORRELATION ENERGIES IN 2-ELECTRON ATOMS. J.
Chem. Phys., 86(6):3512–3521, 1987.

[372] J. G. Loeser and D. R. Herschbach. DIMENSIONAL EXPAN-
SIONS FOR 2-ELECTRON ATOMS. J. Chem. Phys., 86(4):2114–
2122, 1987.

[374] J. G. Loeser, Z. Zhen, S. Kais, and D. R. Herschbach. DI-
MENSIONAL INTERPOLATION OF HARD-SPHERE VIRIAL-
COEFFICIENTS. J. Chem. Phys., 95(6):4525–4544, 1991.

Abstract: We examine the dependence on spatial di-
mension D of the Mayer cluster integrals that determine
the virial coefficients B(n) for a fluid of rigid hyper-
spheres. The integrals vary smoothly with D, and can be
characterized analytically in both the low-D and high-D
limits. Dimensional interpolation (DI) allows one to eval-
uate individual Mayer cluster integrals at D = 2 and D
= 3 to within about 1%. The resulting low-order virial
coefficients have an accuracy intermediate between those
of the Percus-Yevick and hypernetted chain approxima-
tions. Much higher accuracy can be achieved by combin-
ing the DI and HNC approximations, using DI to evaluate
those integrals omitted by HNC. The resulting low-order
virial coefficients are more accurate than those given by
any existing integral equation approximation. At higher
order, the accuracy of the individual cluster integrals is
insufficient to compute reliable virial coefficients from the
Mayer expansion. Reasonably accurate values can still be
computed, however, by taking partial sums of the Ree-
Hoover reformulation of the Mayer expansion. We report
hard disk virial coefficients through B-15 and hard sphere
values through B-10; the maximum errors with respect
to known values are about 1.2 and 4.3%, respectively.
The new coefficients are in good agreement with those
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obtained by expanding certain equations of state which
fail to diverge until unphysical densities (those beyond
closest packing), and so help to explain the surprising
accuracy of some of these equations. We discuss the pos-
sibility that the exact virial expansion has a radius of
convergence which corresponds to an unphysical density.
Several new equations of state with desirable analytic or
representational characteristics are also reported.

[375] M. Lopezcabrera, D. Z. Goodson, D. R. Herschbach, and J. D.
Morgan. LARGE-ORDER DIMENSIONAL PERTURBATION-
THEORY FOR H2+. Phys. Rev. Lett., 68(13):1992–1995, 1992.

Abstract: An asymptotic expansion for the electronic
energy of H-2(+) is developed in inverse powers of D, the
spatial dimension, and the singularity structure in the D
–¿ infinity limit is elucidated by analysis of the coefficients
at large order (approximately 30 to 45). For the ground
state and several excited states, Pade-Borel summation
yields an accuracy of eight or more significant figures.

[538] J. M. Rost, S. M. Sung, D. R. Herschbach, and J. S. Briggs.
MOLECULAR-ORBITAL DESCRIPTION OF DOUBLY EX-
CITED ATOMIC STATES GENERALIZED TO ARBITRARY DI-
MENSION. Phys. Rev. A, 46(5):2410–2419, 1992.

Abstract: The molecular-orbital description of two-
electron atoms [J. M. Feagin and J. S. Briggs, Phys. Rev.
A 37, 4599 (1988)], derived from H-2+ by interchang-
ing the roles of electrons and nuclei, is generalized to D
dimensions. For H-2+ itself there exist myriad exact in-
terdimensional degeneracies because D –¿ D + 2 is equiv-
alent to m –¿ m + 1, augmenting by unity the projection
of the electronic angular momentum on the internuclear
axis. When the molecular orbitals (MO’s) are transcribed
to treat two-electron motion, additional constraints limit
the exact degeneracies to states in D = 3 and 5, but many
approximate degeneracies persist. Since the MO descrip-
tion emphasizes rotational properties of the two-electron
atom, the link between dimension and orbital angular
momentum is a pervasive feature. We use this link to
classify groups of quasidegenerate doubly excited atomic
energies and to explain striking similarities among certain
pairs of hyperspherical or molecular-orbital two-electron
potential curves.
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[577] Q. C. Shi, S. Kais, and D. R. Herschbach. Electron localization-
delocalization transitions in dissociation of the C-4(-) anion: A
large-D analysis. J. Chem. Phys., 120(5):2199–2207, 2004.

Abstract: We present a study, employing high level
ab initio methods, of electron localization-delocalization
transitions along the dissociation path of the C-4(-) an-
ion to C-2 and C-2(-). We find that at the equilibrium
geometry, the symmetrical and nonsymmetrical configu-
rations of the linear C-4(-) anion are almost isoenergetic.
However, along a collinear dissociation path, the dipole
moment drops abruptly to zero when the separation be-
tween the two middle carbon nuclei reaches about R=2.15
Angstrom. The dipole moment remains zero until about
R=2.78 Angstrom, and then continuously increases as
dissociation proceeds. This behavior is analogous to crit-
ical phenomena: The abrupt drop to zero of the dipole
moment resembles a first-order phase transition, the later
steady rise resembles a continuous phase transition. We
show that a simple sub-Hamiltonian model, correspond-
ing to the large-dimension limit for an electron in the
field of four collinear carbon atoms, exhibits both kinds
of phase transitions along the dissociation path. (C) 2004
American Institute of Physics.

[595] S. M. Sung and D. R. Herschbach. HIDDEN SYMMETRY
AND EXPLICIT SPHEROIDAL EIGENFUNCTIONS OF THE
HYDROGEN-ATOM. J. Chem. Phys., 95(10):7437–7448, 1991.

Abstract: The Schrodinger equation for a hydrogenic
atom is separable in prolate spheroidal coordinates, as a
consequence of the ”hidden symmetry” stemming from
the fixed spatial orientation of the classical Kepler orbits.
One focus is at the nucleus and the other a distance R
away along the major axis of the elliptic orbit. The sepa-
ration constant-alpha is not an elementary function of Z
or R or quantum numbers. However, for given principal
quantum number n and angular momentum projection
m, the allowed values of alpha and corresponding eigen-
functions in spheroidal coordinates are readily obtained
from a secular equation of order n - m. We evaluate al-
pha(n,m;ZR) and the coefficients g(l) (alpha) that spec-
ify the spheroidal eigenfunctions as hybrids of the famil-
iar nlm¿ hydrogen-atom states with fixed n and m but
different l values. Explicit formulas and plots are given
for alpha and g(l) and for the probability distributions
derived from the hybrid wave functions, SIGMA(l)g(l)
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(alpha)nlm¿), for all states up through n = 4. In the
limit R –¿ infinity these hybrids become the solutions in
parabolic coordinates, determined simply by geometrical
Clebsch-Gordan coefficients that account for conservation
of angular momentum and the hidden symmetry. We also
briefly discuss some applications of the spheroidal eigen-
functions, particularly to exact analytic solutions of two-
center molecular orbitals for special values of R and the
nuclear charge ratio Z(a)/Z(b).

[598] A. Svidzinsky, G. Chen, S. Chin, M. Kim, D. X. Ma, R. Murawski,
A. Sergeev, M. Scully, and D. Herschbach. Bohr model and di-
mensional scaling analysis of atoms and molecules. Int. Rev. Phys.
Chem., 27(4):665–723, 2008.

Abstract: It is generally believed that the old quan-
tum theory, as presented by Niels Bohr in 1913, fails
when applied to few electron systems, such as the H-
2 molecule. Here we review recent developments of the
Bohr model that connect it with dimensional scaling pro-
cedures adapted from quantum chromodynamics. This
approach treats electrons as point particles whose po-
sitions are determined by optimizing an algebraic en-
ergy function derived from the large-dimension limit of
the Schrodinger equation. The calculations required are
simple yet yield useful accuracy for molecular potential
curves and bring out appealing heuristic aspects. We first
examine the ground electronic states of H-2, HeH, He-
2, LiH, BeH and Li-2. Even a rudimentary Bohr model,
employing interpolation between large and small inter-
nuclear distances, gives good agreement with potential
curves obtained from conventional quantum mechanics.
An amended Bohr version, augmented by constraints de-
rived from Heitler-London or Hund-Mulliken results, dis-
penses with interpolation and gives substantial improve-
ment for H-2 and H-3. The relation to D-scaling is em-
phasized. A key factor is the angular dependence of the
Jacobian volume element, which competes with interelec-
tron repulsion. Another version, incorporating principal
quantum numbers in the D-scaling transformation, ex-
tends the Bohr model to excited S states of multielec-
tron atoms. We also discuss kindred Bohr-style applica-
tions of D-scaling to the H atom subjected to superstrong
magnetic fields or to atomic anions subjected to high fre-
quency, superintense laser fields. In conclusion, we note
correspondences to the prequantum bonding models of
Lewis and Langmuir and to the later resonance theory of
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Pauling, and discuss prospects for joining D-scaling with
other methods to extend its utility and scope.

[600] A. A. Svidzinsky, M. O. Scully, and D. R. Herschbach. Simple and
surprisingly accurate approach to the chemical bond obtained from
dimensional scaling. Phys. Rev. Lett., 95(8):4, 2005.

Abstract: We present a new dimensional scaling trans-
formation of the Schrodinger equation for the two elec-
tron bond. This yields, for the first time, a good descrip-
tion of the bond via D scaling. There also emerges, in
the large-D limit, an intuitively appealing semiclassical
picture, akin to a molecular model proposed by Bohr in
1913. In this limit, the electrons are confined to specific
orbits in the scaled space, yet the uncertainty principle
is maintained. A first-order perturbation correction, pro-
portional to 1/D, substantially improves the agreement
with the exact ground state potential energy curve. The
present treatment is very simple mathematically, yet pro-
vides a strikingly accurate description of the potential
curves for the lowest singlet, triplet, and excited states
of H-2. We find the modified D-scaling method also gives
good results for other molecules. It can be combined ad-
vantageously with Hartree-Fock and other conventional
methods.

[601] A. A. Svidzinsky, M. O. Scully, and D. R. Herschbach. Bohr’s
1913 molecular model revisited. Proc. Natl. Acad. Sci. U. S. A.,
102(34):11985–11988, 2005.

Abstract: It is generally believed that the old quan-
tum theory, as presented by Niels Bohr in 1913, fails
when applied to few electron systems, such as the H-2
molecule. Here, we find previously undescribed solutions
within the Bohr theory that describe the potential energy
curve for the lowest singlet and triplet states of H-2 about
as well as the early wave mechanical treatment of Heitler
and London. We also develop an interpolation scheme
that substantially improves the agreement with the exact
ground-state potential curve of H-2 and provides a good
description of more complicated molecules such as LiH,
Li-2, BeH, and He-2.

[647] Q. Wei, S. Kais, and D. Herschbach. Dimensional scaling treat-
ment of stability of atomic anions induced by superintense, high-
frequency laser fields. J. Chem. Phys., 127(9):6, 2007.
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Abstract: We show that dimensional scaling, combined
with the high-frequency Floquet theory, provides useful
means to evaluate the stability of gas phase atomic an-
ions in a superintense laser field. At the large-dimension
limit (D -¿infinity), in a suitably scaled space, electrons
become localized along the polarization direction of the
laser field. We find that calculations at large D are much
simpler than D=3, yet yield similar results for the field
strengths needed to bind an ”extra” one or two electrons
to H and He atoms. For both linearly and circularly po-
larized laser fields, the amplitude of quiver motion of the
electrons correlates with the detachment energy. Despite
large differences in scale, this correlation is qualitatively
like that found between internuclear distances and dis-
sociation energies of chemical bonds. (C) 2007 American
Institute of Physics.

[648] Q. Wei, S. Kais, and D. Herschbach. Dimensional scaling treatment
of stability of simple diatomic molecules induced by superintense,
high-frequency laser fields. J. Chem. Phys., 129(21):8, 2008.

Abstract: We present results obtained using dimen-
sional scaling with high-frequency Floquet theory to eval-
uate the stability of gas phase simple diatomic molecules
in superintense laser fields. The large-D limit provides
a simple model that captures the main physics of the
problem, which imposes electron localization along the
polarization direction of the laser field. This localization
markedly reduces the ionization probability and can en-
hance chemical bonding when the laser strength becomes
sufficiently strong. We find that energy and structure cal-
culations at the large-dimensional limit (D -¿infinity) for
stabilities of H-2(+), H-2, and He-2 in superintense laser
fields are much simpler than at D=3, yet yield similar
results to those found from demanding ab initio calcula-
tions. We also use the large-D model to predict the sta-
bility of H-2(-) and the field strength needed to bind the
”extra” electron to the H-2 molecule.

18


