1 Finding the total integral

The purpose of this study is to find the probability of transition from the ground
state of a donor described by a wave function t1(q) to some excited state of an
acceptor of a given energy F described by a wave function v, where n is a set
of quantum numbers of the excited state. This probability is expressed through
the overlap integral between two wavefunctions as

15) = D (5) | [ davntayin(a) B 1)

where Dr(FE) is the density of states on the acceptor surface.
We use phase space approach. Wigner functions are

pi(g.p) = ﬁ / dmin(g + m)in(q — m) exp(—2ipn/h), 2)
pula,p) = ﬁ / (@ + 1) (q — 1) exp(—2ipm /). (3)

The transition probability is expressed through an integral over the phase space
as

I(E) = /dqdpm(q,p)UE(qm), (4)

where og(q,p) = 20hDr(E)pn(q,p).
Notice that I(E) is a probability distribution over the energy since

/ [(E)dE ~ 1. (5)

which follows from completeness of the basis set {¢,,(q)} (disregarding contin-
uous spectrum):

dE, dE
I(F,) ~ —
dn — (En) dn

1=Y < il >2= I(Em)dn = [ IE)E, (6)

where functions I(F) and E(n) are defined as some interpolations of I(E,)
and E, on continuous range of arguments (the above proof is given for one-
dimensional case, but it can be generalized to any dimensions).

1.1 Classical limit for the acceptor state
In the limit of A — 0

or(q,p) =0(H(q,p) — E), (7)

and pr(q,p) tends to d-function in the phase space centered at the point of
minimum, (gmin, Pmin), of H1(g, p). This classical limit corresponds to a particle
resting at the point of minimum of the potential Vi(q).



Since in the classical limit the functions p1(q, p) and og(g, p) don’t overlap,
the integral (4) is zero except one special case when E = Hi(qmin, Pmin), i-€.

I(E) - IO7O(E) =0 (Hl(qmirupmin) - E) . (8)

In (8), lower zero indexes refer to the classical limit both for the initial and for
the final state Wigner functions. Alternatively, we introduce the approximation

Lo (E) = / dqdppi(g,p)5(H(q,p) — E) (9)

by replacing in Eq. (4) the Wigner function of the final state by its classical
limit, and leaving the Wigner function of the initial state unchanged. The ap-
proximation (9) is useful if the Wigner function of the donor is known explicitly.
The examples are a harmonic oscillator,

N
1
Hi(g,p) = 5 Y (0 +wia?), (10)

i=1

with the Wigner function

N
pi(q,p) = ( ~ exp (% > (witw? +Wiq3)> : (11)
=1

and the Morse oscillator,

Hia.) = 30+ 5 L —exo(=00) . 8= (G +3) . (12)
with the Wigner function [1]
pi(q,p) = E7K i (am) (€), € = (2j + 1) exp(—Pq). (13)

whI'(27)

Notice that both I, ¢(E) and the cruder approximation Iy (E) share the
normalization property (6).

In this section, we use quasiclassical approximation for the initial wave func-
tion,

I/JIZGXp (—%(So+51h+)) (14)
In Eq. (14), Sy is the function satisfying the equation
Hi(q,iVSy) = E. (15)

Since momenta enter H(q,p) quadratically, and the potential V(q,p) enters
H(q, p) linearly, then Eq. (15) is Hamilton - Jacobi, or eikonal equation in the
upturned potential —V (g, p). It may be shown that

N
So =12 Z w;Q7? + cubicandhigherorderterms, (16)

i=1



. 2 . .
where ; are normal mode coordinates and w; = 6%2‘/ are frequencies in the
7

potential V' (g, p). Recurrence relations for calculation of cubic and higher order
terms in Eq. (16) are given in [2].

Substituting Eq. (14) into Eq. (2) and estimating the integral by Laplace’s
method we obtain

pi(q,p) = (mh) "N C(q,p)exp (—2W(q,p)), (17)

where W(qg,p) is the minimum or the stationary point of the function n —
1[So(g+m) + So(g —m)] — inp. In a particular case of a harmonic oscillator,

N
W(g.p) =1 (wig} +w; 'p}) (18)
i=1

and C(q,p) =1 in agreement with the exact formula (11).

The function (17) is changing rapidly in scale ~ % so that for small 7 only
a vicinity of one point where H(q,p) = E and where pi(q, p) is maximal con-
tributes to the integral (9). We assume that W(q, p) has a minimum (g*, p*)
under a constraint H(q,p) = E at which point VIW = AVH. We use a coordi-
nate system in the phase space with the first axis along VH and 2-nd, 3-rd, ...,
2N-th axes perpendicular to VH and with an origin at the point (g*, p*). We
expand H and W in Taylor series around (g*,p*) in this basis set,

2N

N 1
H=H +H1I1+§-21Hij$il’j+..., (19)
i,j=
1 2N
W =W*4+ Wiz, + 5 igl Wijmixj + ..., (20)

where

H* = H(q*,p*) — E, W* — W(q*,p*),
H1 = 8H/8x1 = VH, W1 = 8W/8:r1 = )\Hl = :|:|VI/V‘7
Hij = 82H/8:171-8xj, Wij = 62W/8$¢6$j,
and all derivatives are estimated at the point (g*, p*).

After integration over z; in Eq. (9) we arrive to the integral in 2N — 1
variables,

Ioo(E) = (7h)™ exp (—%W*) /G(;vg,xg, ooy Zon)dxodrs .. droy, (21)

where

G(xa,23,... ,xon) = [da1 f(21)8 (9(x1)) = f(=)) /g ("), (22)
fl@1) = pr, g(ar) = H — H", (23)



and xgo) is a root of the function g(z1) that goes to zero as xa, 23, ... ,2any — 0.
Eq. (22) follows from a general formula

[ dmrans o) = 3 £l |g @)

; (24)

with summation over all the roots x(li) of the function g(x1). Here, we consider

small x9, z3, ... ,zony — 0, and only one root xgo) ~ 0 with g’(xgo)) ~|VH|>0.
Using Eq. (19) and (20) after algebraic manipulations we obtain
0 2N
.Ifg ) = —2;11 Zi,j:2 Hija:ixj +..., (25)
0 N L
f(.’L‘g )) = C’exp (—% Z?)j:Q(Wij - %Hij)dfi$]‘ +.. ) y (26)
gl(g;go)) — Hl + 21252 Hli.’lfi + %Z?,]JY:Z (Hlij — HHilllHU) TiTj +.... (27)

We leave in Eq. (26) and (27) only leading terms of the expansions, and arrive
to the integral

2N

c .
.[170(E) = Wexp (7%W )/d$2d$3 . .diL’gN exp 7% Z Fijxil'j
1,j=2

(28)

where F;; = W;; — AH;; (i,j = 2,3,...,2N), A = W1 /H;. The integral (28) is
a Gaussian integral, and can be estimated as

Lio(E) = CHy texp (—2W*) (nhDetF)~'/2. (29)

Notice that in Eq. (28) and (29) we replaced I o by I10 since we use the
quasiclassical approximation (17). In similar way we could consider a refined
approximation

pi(q,p) = (7h) N exp (—2 [Wo(q. p) + Wi(a,p)h + Wa(q,p)R?]),  (30)

and after a lengthier expansions arrive to a more accurate approximation for
the overlap integral,

Lo(E) = (nh) % exp (—2(co + c1h + c2h?)) (31)

where ¢o = W(q*, p*), and c1, ¢y are expressed through partial derivatives of the
functions C, Wy, and Wi at the point (g*, p*), see Appendix, where derivations
are done in case of two dimensions.

1.2 Quasiclassical limit for the acceptor state

The quasiclassical expansion of the Wigner function of the donor state is orga-
nized as a power series in p = h? [3],

ou(q,p) = oW (a,p) + o) (@, p)u+ 0P (g, p)p® + ..., (32)



where

o (a,p) = 6(E — H(q,p)), (33)
o) (a,p) = — f28"(E — H(q,p)) + f28" (E — H(q,p)), (34)

and according to [4]

N
= %Z V! mg, (35)

N
— %Z /ml 24 Z V plpk/ m;mg). (36)

i,k=1

Alternatively, the expansion (34) is asymptotically equivalent up to terms ~ h?
to the Airy function representation [4]

op(q,p) = exp [—(H — E) f2/3fs — 2h% f3 /27 f3]
xaAia(H - E+ R f3/f3)] . (37)

with
—1/3

a = (3r°f;)

Approximation of the acceptor Wigner function by Airy function (37) and
the classical approximation of the donor Wigner function by d-function leads to
the following approximation for the overlap integral:

(38)

Io1(E) = exp [~ (Humin — E) f2/3f3 — 27“L2f23/27f32]
x A [a(Hmin - E+ h2f22/3(7)f3)] ) (39)

where Hyin = (@min, Pmin), and fo and f3 in (39) are evaluated at the point

(@min, Pmin). Notice that (39) satisfies the normalization condition (6).
Finally, we determine the approximation I; ; by truncating both expansions,

Eq. (31) and (32) to the first two terms. We use here the following formulas

/dl’lf(.’tl)fQ(l’l)(;”(g(l'l)) = h3f2f” +... 5 (40)
/dxlf(xl)fg(x1)5"'(g(x1)) = —h4f3f/” - (3h4fé + 6h2hlf3) f/, + ... (41)

where functions f and g are defined as in Eq. (23), h = 1/¢, differentiation is
over x1, and functions with unspecified arguments are evaluated at the root xgo)
of the function g(z;). In Eq. (40) and (41) only terms of orders ~ 1/h* and
~1/ h? are displayed, terms containing f/ ~ 1 /h and f ~ 1 are of subdominant

orders, and are replaced by dots.



The approximation I ; is the sum of I o, Eq. (29), and an additional term

oI = BQ/JS)(q,p)pI(q,p) =
n? /dqdp [—f20" (E — H(q,p)) + f36" (E — H(q,p))] p1(q, p). (42)

Disregarding in (42) terms that go to zero as h — 0, it can be evaluated using
(40) and (41) as
85I =
—4K2f Gapr — srfl@ Gapr — AW2(3H [ f5Gy — 6H*H” f3G2)p1 =
5 2020 7 f3Gspr (3H, " f3G2 1 f3G2)pr =
a2G2p1 + h_1a3G3p1. (43)

In Eq. (43), all functions are evaluated at the "leakage” point (g.,ps), deriva-
tives are taken in direction of VH, for example f} = (V f3, VH)/H,, H, =
|V H|, and G2, G3 are Gaussian integrals similar to (21) that appear as a result
of expansion of the functions f”, f"”/ over variables xg, 3, ..., 7on With subse-
quent integration over these variables, and will be derived later. In a similar
fashion, I; o can be rewritten as

Il,O = GonlpI = QOGOPD (44)
where ag = H; *. Combining Eq. (43) and (44), we finally have

Lo = (agGo + asGa + h™ra3G3)pr ~

G
0Go + agGo) (T - expil s | — +(13 3 . 45
aoG Ga)(rh)~NC L —2w
CLQGO
We found finally that Zigg = —8)\3 fgg—z is the correction to the exponent, and

a9 G4 is the correction to the Gaussian factor to a less accurate approximation
(29).
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