Generalizations of Bohr Model
and D-scaling Method
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4. Many-electron atoms (with new results)
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Invariance of the correlation energy at high density and large dimension in
two-electron systems

Pierre-Francois Loos* and Peter M. W. Gillf
Research School of Chemistry, Australian National University,
Canberra, Australian Capital Territory, 0200, Australia
(Dated: July 19, 2010)

We prove that, in the large-dimension limit, the high-density correlation energy E. of two opposite-
spin electrons confined in a D-dimensional space and interacting via a Coulomb potential is given by
E. ~ —1/(8D?) for any radial confining potential V (r). This result explains the observed similarity
of E. in a variety of two-electron systems in three-dimensional space.
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Interdimensional degeneracy
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Two-electron atoms

I=0 state in D dimensions:
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Circular states of helium
in four dimensions
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Interdimensional degeneracy
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Bohr orbits for helium in four dimensions (X, y, z, w)
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J. A. West et al., Classical limit states
of the helium atom. Phys. Rev. A, 58,

186, 1998

The logical progression of the hydrogenic studies 1s to
extend them to include planetary atoms with multiple va-
lence electrons [2—6]. However, even for the simplest such
atom, helium, this extension i1s nontrivial because the old
quantum theory of Bohr was never successfully modified to
include helium. Early in this century a considerable effort
was made to develop a classical model for helium, but no
stable planctary orbits were found [see Figs. 1(a) and 1(b}].
By 1920 Bohr had concluded that for stability, one must
allow for “‘possibilities of more complicated motions,” [7]
but before these possibilities could be explored, classical
atomic physics was abandoned in the wake of wave mechan-
ics and classical helium was put aside.

(c)

(d)

FIG. 1. A pictorial survey of some classical helium orbits. The
two-electron trajectories shown in (a) and (b} are highly symmetric
unstable orbits which were studied in an attempt to extend the Bohr
model [3.7.8]. The orbits shown in (c) and (d) are stable orbits in
which the dynamics of the mdividual electrons 1s quite dissimilar.
In these orbits 1t 1s difficult to resolve the rapid motion of the mnner
electron.
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Probability distribution of an electron
in a helium atom in D dimensions

L. G. Yaffe,
Physics Today
(1982)
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Large-N quantum mechanics
and classical limits

Increasing the number of degrees of freedom
surprisingly simplifies the analysis in many quantum theories,
often making it possible to calculate physical observables.

Laurence G. Yaffe

e "
& =

Probability distribution of an electron in a helium atom in N
dimensions, for six different values of N. The density of points is
proportional 1o the probability of finding one electron at a given
position relative to the nucleus and the other alectron. The twa small
squares al the bottom of each of these computer-drawn pictures
represent the hellum atom's nucleus (left) and the fixed electron

{right}. In each dimansion, one electron is fived at its root-mean-
square distance from the nuclous. As the dimension increases, the
prabability distribution shrinks to a point. This is a consequence of
the fact that the limit N —w s actually a novel type of classical limit.
When A is infinite, one can compute the positions of the electrons
directly by minimizing an appropriate classical Hamittonian.
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1/D-expansion

A A A from the paper of Herschbach

Vibrations corresponding to antisymmetric stretch (A), symmetric stretch (S),
and bend (#) modes.
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Atoms in the large D |
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Hydrogen molecule

R <R, R>R,

Wayve functions of high-m circular states of the hydrogen molecular ion
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Traditional D-scaling
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Classical limit of large D
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Many-electron atoms

TRADITIONAL VS. ALTERNATIVE D-SCALING FOR TWO-ELECTRON
ATOMS
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Summary of the traditional method of D-scaling

(Th +V — Ep)tp =0
2

D D 0

E phys ~ E 0

D—1 D—2

P(ri,79,0) = (rir) 2 sin 2 0(ri,12,0)

1[0 @ (1 1\ 2] 11 1\[D-2D-4 |
2 |0r?  Or3 r? o ory) 002 2 \ri  r3 4sin* 0 4

-+ ‘/ — ED}P(TL* 79, 9) = 0.

35



scaling transformation
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Alternative D-scaling for helium
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Comparison of two approaches

Comparison of two models of helium atom, based on traditional and alternative
D-scaling. The second model is reminiscent of pre-quantum Bohr-like model of helium

Traditional D-scaling Alternative D-scaling
®
Configuration 9
[
T =T 0.607 0.571
712 0.897 1.143
o 05.3° 180°

Energy (% error) -2.738 (-5.7%) -3.0625 (+5.5%) 40




Many-electron atoms in the limit of large dimensionality

Atomic energies from the large-dimension limit

J. G. Loeser

Department of Chemistry and Society of Fellows, University of Michigan, Ann Arber,
Michigan 48109-1055

(Received 23 December 1986; accepted 11 February 1987)

Analytic approximations to nonrelativistic atomic ground state energies are obtained from the
first two terms of the 1/D expansion for the N-electron atom. These two terms describe the
equilibrium structure (D — « limit) and normal mode oscillations (1/D term) of a completely
symmetric N-dimensional configuration of localized particles. The connection between these
large-D results and real atoms is established through the vibrational state, which is restricted
by antisymmetry requirements at 2 = 3. Convergence considerations lead us to consider three
different approximations, depending on whether all, none, or part of the results obtained from
the 1/D term are used (in addition to those obtained from the D — oo limit); the maximum
errors are respectively about 8%, 3%, and 1%. In all three approximations the dependence of
neutral atom energies on the nuclear charge Z is roughly Z /5 for physical Z (as observed for
real atoms) and roughly Z7/* for very large Z (in agreement with the known asymptotic
result). The best approximation, which utilizes the 1/D term up to lowest nonvanishing order
in 1/Z, is comparable in accuracy to single-{ Hartree-Fock calculations.

Bohr model and dimensional scaling analysis of atoms and molecules

. . ac . - 3 - ac - i*
Anatoly Svidzinsky®®, Goong Chen®, Siu Chin®, Moochan Kim®, Dongxia Ma®*,
Robert Murawski®, Alexei Sergeev®, Marlan Scully*® and Dudley Herschbach®

“Institute for Quantum Studies and Department of Physics, Texas A & M University,
College Station, TX 77843; "Institute for Quantum Studies and Department of Mathematics,
Texas A & M University, College Station, TX 77843, “Applied Physics and Materials Science

Group, Engineering Quad, Princeton University, Princeton 08544; Institute for Quantum
Studies and Department of Chemistry, Texas A & M University, College Station, TX 77843

(Received 17 June 2008, final version received 21 July 2008) 41



Alternative D-scaling for many-electron atoms

RS
EZEZF_Z+ V(rlarZa' . 'arN)

i=1 "1

Svidzinsky et al. considered minimization in 3D space
(when r, ..., ry have 3 components).
Total number of minimization variables 3N-3

General theory requires minimization in arbitrary
dimensional space. It lowers the energy.
The total number of variables is only n
because of symmetry.

A. Svidzinsky et al.

Electron configurations obtained from Bohr model by minimizing Equation (2.12).

Distances in atomic units (1 a.u =0.529A).
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Comparison of 3D vs. arbitrary D minimization

FLUORINE ATOM - 9 ELECTRONS

F. Dimensionality 3 F. Dimensionality 7

Energy: E = —98.0590348. Shell No. 1 (2 electrons) R ,
Energy: E = —98.93738. Shell No. 1 (2 electrons)
R = 0.114325052 o
R = 0.114562165 (2 electrons)
R = 0114327718
Shell No. 2 (7 electrons)
Shell No. 2 (7 electrons)

R = 0.784569025 (7 electrons)

= 0.716026787 (2 electrons)
= 0.735057035 (2 electrons)
0.801661901
= 0.805188543

T N W W
I

= 3.65641704

For example, for neon atom,

39 +7\ﬁ 80 1 16 16

W = —- + + +
2R, Ry Ry R} Rj VI 413
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Accuracy of Bohr model as a function of Z. Solid lines are approximations
introduced in [10]. Dot-dashed line are results of the Bohr model based on a
minimization of classical configurations in three dimensional space, and dashed line in
multidimensional space.

[10] J. G. Loeser, Atomic energies from the large-dimension limit, J. Chem. Phys. 86 (1987),
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V. COMBINING BOHR MODEL AND THOMAS - FERMI THEORY

According to statistical Thomas - Fermi theory, the energy behaves at large 7 as

E~ BEY=%) = 07687527 + 0.52% — 0.26992°/3 (15)

Bohr energy has a similar functional behavior at large Z. but with slightly different

coeflicients,

EBohr ~ E][?f,;x] — C'TOZT/:j + C"leg + ngz&')/:ﬁ’ (l())
epp = E7=) — P — _0.0328627/% + 0.053427 + 0.01992°/3 (18)

EBohr—TF = EBohr + €TF (19)
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Conclusions

e In the generalized Bohr model for helium, electrons move on
stable circular orbits in 4D space and form rigid triangle
configuration.

eAlternative D-scaling for atoms requires consideration of arbitrary
dimensional configurations of electrons. It gives some improvement
In accuracy in comparison with the earlier model in 3D space.

eCombining Bohr model with Thomas-Fermi theory considerably
Improves accuracy



